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Introduction

This thesis consists of two parts, situated at neighboring branches of operator theory. Al-
though its content is mathematical, this thesis is inspired and motivated by physics at every
step of the way. We will start this introduction with the mathematical and physical context
that is important for both parts.

General motivations

Notions of space, becoming increasingly abstract over the years, have driven mathematics
and physics in numerous ways. Euclidean space is such a notion, which was in fact vital
for mathematics to develop its axiomatic approach. It also provided the backdrop for most
physical theories until the advent of general relativity. Then, flat Euclidean space was traded
in for a curved notion, a manifold,!™ that had been introduced by Riemann some time before
Einstein developed his groundbreaking theory. Going further in abstraction, manifolds are
now regarded as particular instances of topological spaces.™!] To be more specific, they form
a subclass of the locally compact Hausdorff spaces.['Y The abstract notion of space provided
by topology elegantly allows infinite dimensions and singularities. Besides its relevance in
physics, like the well-known solid-state applications,® the abstractness of topology has
proven particularly useful in mathematics. Indeed, once you show that a certain property of
a topological space (like a separation axiom) implies another, your result can be applied in
an enormous amount of instances. Many useful properties of topological spaces are naturally
formulated in terms of continuous functions on the space. Gelfand duality[75] explains the
important role of continuous functions in topology, at the same time providing our final step
in abstraction. In its simplest form, Gelfand duality states that the commutative unital C*-
algebrasl™ as a category are equivalent to the compact Hausdorff spaces, each C*-algebra
being obtained as the collection of continuous functions on the respective compact Hausdorff
space. In a stronger form it shows how all commutative C*-algebras uniquely arise from
locally compact Hausdorff spaces. In short, C*-algebras provide an elegant generalized notion
of space.

A first advantage is that results proven for all C*-algebras imply results for all locally
compact Hausdorff spaces, implying results for all manifolds, implying results for all Euc-
lidean spaces. Ome can even describe manifolds in a C*-algebraic way while retaining the
geometric structure that is lost when passing to topology. This is done by noncommutative
geometry7 | as we will discuss later.

A second advantage of the C*-algebraic method is that it allows us to go beyond the
classical notion of space, by using the fact that C*-algebras can be noncommutative.

Quantum mechanics and C*-algebras

Where Gelfand duality classifies commutative C*-algebras, the Gelfand—Naimark theorem![™!
realizes all (possibly noncommutative) C*-algebras as spaces of bounded operators on a
Hilbert space.
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This provides the perfect setup for quantum mechanics. The most basic objects of
quantum mechanics are observables, which, mathematically speaking, are (unbounded) self-
adjoint operators in a Hilbert space. A cornerstone of the quantum physical approach is that
the measurable information of these observables — their spectrum — is determined uniquely by
their commutation relations. Making such a statement mathematically rigorous is — like with
many other statements in quantum mechanics — complicated by domain problems.” Luck-
ily though, thanks to Stone’s theorem, ] we can equivalently work with bounded operators
obtained from the unbounded ones by functional calculus (like the associated one-parameter
unitary groups or the resolvents of the unbounded operators) and resolve all domain prob-
lems. For example, the commutation relations formulated in terms of such bounded operators
give the easiest way to uniquely characterize a quantum system.[% Because these bounded
operators generate C*-algebras (like the Weyl C*-algebral®®! or the resolvent algebral'®l) we
end up with an elegant C*-algebraic description of quantum mechanics. As a rule, quantum
mechanical concepts (states, time evolutions, classical limits, etcetera) are most rigorously
analyzed in such a C*-algebraic description. 69

The rigorous description of quantum mechanics is just the start. In quantum field theory,
and in quantum gauge theory in particular, even more compelling reasons to work with C*-
algebras appear.

Gauge theory and the structure of space

Yang Mills gauge theory?! forms a completely geometrical basis of our understanding of
forces in the Standard Model. In the classical form of the theory, the gauge fields that define
forces are modeled as an internal structure of spacetime that influences the matter particles
that move through it. Gauge fields can be represented by various mathematical objects
(Lie-algebra-valued one-forms,9 covariant derivatives,[™ etcetera) describing this internal
structure. That is to say, when a matter particle moves along a path through space, the
values of the gauge field along that path determine the change of a symmetry parameter
associated with the particle. This parameter lies in a compact Lie group called the gauge
group, and is only observable relatively, as physics as a whole is invariant under (local)
actions of this gauge group. The gauge field itself changes as well, and does so according to
a set of differential equations — the Euler-Lagrange equations!'%7 of the Yang-Mills action?
— which allows waves in the gauge field to propagate through space. Electrodynamics is a
simple but already very powerful example of a gauge theory, in which the gauge field comes
from the Yang—Mills action for an abelian and one-dimensional gauge group. It describes the
electromagnetic field as a gauge field (hence, a geometrical internal structure of space) which
deflects any electron that moves through, effectively creating an acceleration of the particle
by electric and magnetic forces. The waves in the gauge field quite accurately describe light
of arbitrary polarization.

As we know, light is not only a wave, but sometimes behaves like a particle as well. This
is one of the reasons why gauge theory should be quantized.

Quantum gauge theory

Quantum field theory®® provides us with a well-motivated strategy to quantize gauge the-
ories. Surprisingly, there exists no known mathematical model for quantum gauge theories,
not even for quantum electrodynamics (QED) even though its gauge group is abelian. But
although the current perturbative model of QED is ill-defined in a strict sense, it has been
extremely successful. It has survived confrontation with experiments up to unprecedented
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precision. Only at very high energy scales this theory seems to predict an infinite coup-
ling constant, causing it to be inconsistent.[%6] The theory of quarks and the strong nuclear
force, quantum chromodynamics, makes use of the Yang—Mills action of the gauge group
SU(3). Because this gauge group is nonabelian, one needs to include so-called Faddeev—
Popov ghost fieldsi! in order to obtain experimentally testable results, but these ghost
fields are manifestly nonphysical. This is one of the reasons that the mathematical construc-
tion of an SU(3) quantum Yang-Mills theory is labeled a millennium problem by the Clay
Mathematics Institute. [

Some would argue that the problems described above arise because the gauge groups
underlying the Standard Model simply do not represent nature, and will disappear once we
have a Grand Unified Theory.*?) Others would say the problems are artifacts caused by
looking at the Standard Model from a perturbative angle, and will disappear once we have
a rigorous non-perturbative framework.[4% 59

This thesis would like to demonstrate that, whichever of these two hypotheses you adhere
to, a C*-algebraic approach can help.

Operator trace functionals and noncommutative geometry
(part I)

In quantum mechanics, all physical information of an observable is contained in its spectrum,
regarded as a subset of the real line including multiplicity. For the Hamiltonian of the
harmonic oscillator for instance, this spectrum (i.e., the set of eigenvalues) gives all possible
outcomes of a measurement of the energy of the system, namely an infinite list of increasing
energy levels. When a bounded potential term is added to this Hamiltonian (say a small
perturbation of the system) solving the Schrodinger equation exactly might become very
complicated. However, one can perturbatively calculate how each of the energy levels in the
list shifts due to the perturbation. To be concrete, we use the trace of a function f of the
perturbed observable H + V| namely

Te(f(H +V)), (1)

which we call an operator trace functional, and compare it to its unperturbed counterpart
(where V' = 0). Because all physical information is spectral, these functionals can capture
all physical information about H + V by choosing the right f. (To see this, note that f can
select any region of the real line to see if H 4V has an eigenvalue there.) To mathematically
capture the shift of the spectrum, one should subtract the perturbed operator trace function
from its unperturbed counterpart, and separate the part that depends on the test function
from the rest. The part independent from f captures the spectral shift from H to H + V.
Remarkably, this can in many cases be described simply by a function, called the spectral
shift function.[%4] More generally, Koplienkol% introduced the higher-order spectral shift
function, which captures not only the spectral information on the jump from H to H + V,
but also on the path that is taken (say, along the path ¢ — H + tV') by considering higher-
order Taylor remainders.

The spectral shift function (of order 1, 2, or any other n € N) has connections with
many other fascinating mathematical and physical notions like spectral flow,[) perturbation
determinants, 63 and scattering phases.[) To prove existence and properties of a (higher-
order) spectral shift function under general conditions is a challenging analytical problem.
This problem has sparked the creation and investigation of many fascinating mathematical
objects and interrelations.[3 9 10, 77, 85, 87, 95, 98, 111, 112, 113] e excellent object to deal with
these kinds of problems is the multiple operator integral,[®® which is an n-multilinear map
between operator spaces that extends the n'™ order derivative of an operator trace function.

13
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Not only will multiple operator integrals be essential to the proof of existence of the
spectral shift function in this thesis, they will also play a crucial role in our results on
noncommutative geometry.

Noncommutative geometry

Noncommutative geometry generalizes manifolds to spectral triples. A spectral triple
(A, H,D)

consists of an algebra .4 — which should be thought of as a generalization of the underlying
topology of the space — together with a Hilbert space H and a self-adjoint operator D in
H, satisfying certain properties.4”l The latter two objects enrich the generalized topological
space with more structure, analogous to how a manifold is a topological space enriched with
extra structure. In fact, Alain Connes2 showed that a natural class of commutative spectral
triples (the word ‘commutative’ referring to the algebra) is in bijection with a natural class
of Riemannian manifolds called spin® manifolds. %]

In short, a possibly noncommutative spectral triple is a generalization of a manifold that,
as opposed to a C*-algebra, retains the differentiable structure.

Spectral Action Principle

In order to describe action principlesl’?7 in physics in a geometric way, Chamseddine and

Connes?® 201 proposed an action principle for spectral triples. The action consists of a
bosonic and fermionic part. The bosonic part describes the gauge fields and is called the
spectral action. It is given by the operator trace functional (cf. (1))

n((24)

for a spectral triple (A, H, D). Here, A is a number indicating the cutoff scale, and V' takes
a specific form derived from A and D, and should be thought of as a noncommutative gauge
potential. Just like gauge fields on a manifold (Lie-algebra-valued differential one-forms) can
be represented by a finite number of scalar functions,™ the noncommutative gauge field V
can be represented by elements of A instead of scalar functions.?”) By choosing the right
spectral triple, and taking the limit A — oo, one can recover the classical action of the entire
Standard Model of particle physics from the spectral action principle, including neutrino
oscillations and a minimal coupling to gravity.'?l The Higgs particle does not need to be
added by hand, but arises naturally from the spectral action as a generalized gauge boson.
As such, the spectral action gives an extraordinarily elegant geometrical explanation of the
fundamental forces in nature.

Also, the spectral action gives a few natural suggestions for physics beyond the standard
model, some of them allowing for grand unification. (23l

Because we do not yet have a quantum analogue of the spectral action within the noncom-
mutative framework, obtaining experimentally testable values from a given spectral triple
proceeds according to the usual renormalization group techniques® of quantum field the-
ory. Although we do not question the correctness of its outcomes, this derivation is still
unsatisfactory from a theoretical perspective. If we accept the premise that the particle con-
tent of the Standard Model originates from a spectral triple, then there should be a spectral
description of space and its internal structure at lower energies as well. Such a description
has been wanted for several decades, and is the driving motivation for us to investigate the
variation of the spectral action in a gauge field theoretical way.
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But before thinking about a quantum version of the spectral action, there is still a lot
to do on the classical side. Although the behavior of the spectral action (2) in the limit
A — oo is reasonably well understood by heat kernel methods,B8 195 not much work has
been done on the behavior of (2) as V is fluctuated (in the vicinity of 0). Indeed, the latter
behavior firstly poses a challenge on the analytical side. For instance, a Taylor series in V'
can only be obtained when putting the right assumptions on D, V and f concerning e.g.
their summability and differentiability.”] A second challenge is on the algebraic side, as D
and V' do not commute, except in trivial cases. Still, a particular result of Chamseddine and
ConnesBY made a great first step in describing the dependence of the spectral action on V,
and thus inspired an important part of this thesis. They were able to express the so-called
scale-invariant partB3% of the spectral action in terms of generalized versions of the Yang-
Mills action and the Chern-Simons action.[? 119 In these generalized action functionals, the
integration over a part of noncommutative space is carried out by objects from noncommut-
ative differential geometry23 called cyclic cocycles. In order to extend this intriguing result
to the full spectral action (2) we will make good use of the algebraic and analytical benefits
of multiple operator integrals, just like we did for the spectral shift function.

Structure of Part I

In Part T of this thesis we will investigate the variation of the spectral action (or, more
generally, the operator trace functional) and prove expressions for this variation. Multiple
operator integrals will be the tools that we carry throughout, which we first sharpen in
Chapter 1 in order to deal with the difficult problems facing us in Chapters 2 and 3.

e In Chapter 1 we identify very basic summability properties that occur naturally
in applications, and apply them to multiple operator integration in an efficient and
powerful way. We obtain analytical results that are fundamentally stronger than those
known before, something which is vital to the following chapters.

e Chapter 2 will discuss the higher-order spectral shift function, which elegantly cap-
tures the essence of the higher-order variation of an operator trace functional in a
real-valued locally integrable function, separating it from any dependence on the test
function. As we will show, the spectral shift function exists for a much larger class of
operators, and has a more tempered behavior, than was previously known. The proof
will be a very technical tour in multiple operator integration.

Whereas Chapter 2 extends a long known formula, Chapter 3 will prove a completely new
one.

e The formula proved in Chapter 3 expands the spectral action in the gauge fluctuation
and expresses the result in terms of known noncommutative versions of higher-order
Yang-Mills and Chern-Simons actions. The noncommutative analogues of integrals in
these action functionals, cyclic cocycles, are shown to fit precisely in the framework of
noncommutative differential geometry. Moreover, we construct an important quantum
field theoretic application. Namely, we use the expansion as a starting point for a
(one-loop) quantization of the spectral action.

Lattices and strict deformation quantization (part II)

The second part of this thesis, in contrast to the first, takes a completely non-perturbative
approach to gauge theories, employing the framework of lattice gauge theory introduced by

15
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Wilson[209 and adapted by Kogut and Susskind.[62) It focuses on abelian Yang—Mills, and is
driven in part by the ultimate goal of eventually constructing a rigorous model for QED.

C*-algebras are expected to provide the building blocks of a mathematical construction
of gauge theories such as QED and quantum Yang-Mills. Besides providing the most eleg-
ant description of (ordinary) quantum mechanics, C*-algebras feature in the Haag—Kastler
axioms, and could therefore be used to construct a local quantum field theory. Moreover,
as C*-algebras can model both quantum and classical theories, a C*-algebraic model of a
classical gauge theory might provide a good footing from which to take the leap towards a
quantum gauge theory. The direction of this leap, then, might be indicated by strict deform-
ation quantization, %! for it gives a set of axioms that a quantization map between a classical
C*-algebra and its quantum counterpart should satisfy. These axioms are stringent, and ex-
amples are mostly found in finite-dimensional configuration spaces,[7> 67> 68, 70,90, 92 (it} 4
few exceptions that usually rely on finite-dimensional approximations.!® ™ To quantize a
gauge theory, one is therefore advised to first quantize a finite-dimensional regularization.

Lattice gauge theory provides precisely such a finite-dimensional regularization. This
theory, introduced by Wilson,[1% shows how to approximate gauge fields by their parallel
transports on a lattice (where by ‘lattice’ we mean a type of finite graph). Wilson’s framework
has been widely applied in theoretical and phenomenological physics. On the theoretical side,
an important contribution was made by Kogut and Susskind,[2 who took a Hamiltonian
approach to Wilson’s ideas, considering lattices in a time-slice — typically R? — and showed
that the parallel transports of a gauge field on the lattice can be interpreted as rigid rotors,
and that Yang-Mills time evolution implies a certain coupled movement of these rotors.
Important for us, the finite-dimensionality of this quantum Hamiltonian system makes it
suitable for the C*-algebraic approach. C*-algebraic Hamiltonian quantum lattice gauge
theory forms a lively research program.[t: 12: 13, 50, 81,100, 102] A central goal of this program is
to describe the continuum limit (in which the lattices are replaced by the full Euclidean space
or a subset thereof) by a C*-algebra invariant under a *-homomorphism coming from the
Yang-Mills equations, and satisfying axioms such as Lorentz invariance, thereby potentially
giving rise to a local quantum field theory.”?

As others have done before, [ 109 we will use strict deformation quantization as a guiding
principle towards obtaining such a continuum C*-algebra.

This approach can be divided into two steps. The first step is to construct good classical
and quantum observable algebras at the finite level, i.e., associated to a (finite) lattice. By
connecting each quantum algebra with a classical counterpart through a quantization map,
the classical limit is kept close at hand. An important feature of these observable algebras is
invariance under the restriction of (classical and quantum) Yang-Mills time evolution.[62 100]
If this feature is present, then the incorporation of full Yang-Mills dynamics is reduced to
an approximation problem (although not necessarily an easy one).[&}

The second step is to construct the continuum limit, by letting the lattices approach
the Euclidean space in which they lie. This includes simultaneously the ultraviolet limit
(in which the lattice spacing becomes arbitrarily small) and the infrared limit (in which the
lattice covers an arbitrarily large volume). Step two can only be achieved if the classical
and quantum systems associated to the lattices chosen in step one are sufficiently nice; in
particular, they should admit the embedding maps one gets from replacing a coarse lattice
by a finer one. It was noted by Stottmeister and Thiemann!'9?) that the observable algebras
at least need to admit the *-homomorphism given by tensoring with the identity, which
already excludes the compact operators, for instance.

We will uncover a radical additional requirement. As we will see, in order to satisfy
natural constraints, we are forced at the finite level to replace the algebras with operator
systems. The operator systems have the same interpretation as the algebras, and have the
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same structure except that they are effectively ‘cut off” at a certain momentum scale, and
are therefore no longer closed under multiplication. However, quite surprisingly, we will
also argue that this replacement does not cause problems in the end, as the C*-algebraic
structure can be fully retrieved in the continuum limit.

Part II culminates in the construction of promising new field algebras for classical and
quantum abelian lattice gauge theories in arbitrary dimension, and a strict deformation
quantization between them.

Structure of Part II

The first step, concerning the situation at the finite level, is taken in Chapter 4, whereas the
second step, concerning the continuum limit, is taken in Chapter 5.

e In Chapter 4 we will construct two new interesting C*-algebras and show that they
satisfy very useful properties. A commutative one is intended to model classical abelian
gauge theory, and a noncommutative one should model quantum abelian gauge theory,
both considered on a finite lattice. The noncommutative C*-algebra will be obtained
via Weyl quantization from the commutative one. Both C*-algebras are shown to be
invariant under their respective time evolutions. The Weyl quantization map (which
first needs to be generalized to be defined for functions that do not vanish at infinity)
turns out to satisfy many suitable properties. Almost enough properties are satisfied
for it to be called a strict deformation quantization.

e In Chapter 5 we define a continuum limit that respects quantization. But, in order
to do that without handing in on properties like gauge invariance, an unconventional
approach is needed, namely to drop the multiplicative structure at the finite level.
Although radical, this step allows us to indeed define a continuum limit, and, for
the systems thus obtained, it turns out that the multiplicative structure is recovered.
Better yet, the obstructions that barred Chapter 4 from obtaining a strict deformation
quantization, have melted away by passing to the limit.

Papers

This thesis is based on five papers.

Chapter 1 is based on the first Sections of [82] (joint with W. D. van Suijlekom and accepted
for publication in J. Noncommut. Geom.) and [80] (joint with A. Skripka and accepted for
publication in J. Spectr. Theor.).

Chapter 2 is based on [80].

Chapter 3, save for Section 3.6, is based on [82]. Section 3.6 is based on [83] (joint with Van
Suijlekom and submitted for publication).

Chapter 4 is based on [81] (joint with R. Stienstra and submitted for publication).

Chapter 5 is based on [79] (submitted for publication).

17






Notations

Notations

We write N = {1,2,...} and Ny ={0,1,2,...}.

Function classes. All functions (on some space X with suitable structure) are complex-
valued unless stated otherwise. We denote by C(X), Co(X), Ch(X), C™(X) respectively the
continuous functions, the ones vanishing at infinity, the bounded ones, and the n times con-
tinuously differentiable ones (n € Ng) on X. By C*°(X), C(X), S(X) we denote the smooth
functions, the compactly supported ones, and the Schwartz functions on X. Let LP(X) de-
note the space of (measure-zero equivalence classes of ) measurable functions f on X for which
|f|P is Lebesgue integrable, equipped with the standard norm ||fl, = ([ [f(2)? dx)V/P
(p € [1,00)) and let L*°(X) denote the space of essentially bounded functions equipped with
the essential supremum norm || - [~. Let Ll (X) denote the space of locally integrable
functions. When X equals R, its dependency in the above function classes is suppressed.
We write Cf for the space of compactly supported functions in C", and write D := C°.

Operator theory. Throughout, we fix a separable Hilbert space H. If we say D is self-
adjoint in H, it is possibly unbounded and self-adjoint with a domain dense in . We denote
by Ep its spectral measure. We let B(H) be the C*-algebra of bounded operators on H,
K(H) the one of compact operators on H, and ||-|| the operator norm. When N is a subset
of one of the C*-algebras B(H) and Cj(X), Nsa denotes the self-adjoint elements in N. We
denote the Schatten p-class (i.e., the Schatten-von Neumann ideal of p-summable operators
on H) by 8P, and its norm by |||, (p € [1,00)). Basic properties of Schatten-von Neumann
ideals can be found in, for instance, [93, 98]. In some cases it will also be convenient to denote
8% = B(H) and |||, = |- We denote by M, € B(L?(X)) the multiplication operator of
the function g € L*°(X). For ¢, p € H we define |¢) (| € B(H) by |[¢) (¢| (x) = (@, x)¥.

Fourier transforms. We define the Fourier transform of f € L'(R™) by

fla) = [ e, 0

For a general (not necessarily tempered) distribution f € D’ we can still define the Fourier
transform as a distribution f : D — C by (f]¢) := (f|@) for all Schwartz functions ¢ with
» € D. The restriction " : 8 — &’ is bijective with inverse denoted by “: &' — §'.

The Fourier transform on D’ is less well-behaved, but will only be applied in the following
way. For an arbitrary continuous function f (which is in D’ but not a priori in 8’") we will

often assume that fAE L'. Because then f € & and f € Cp by the Riemann-Lebesgue

lemma, we find that f = f, which implies {f|p) = (ﬂg&) for all p € D. Therefore f = f € Cy
and f(x) = [ f(y)e'*” dy.

19
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Specific functions. We define
w(z) =z —1
for € R and write u¥(z) := (u(z))* for k € Z. The zeroth order divided difference £ of
a function f € C'is f19 := f. Let zq,..., %, be points in R and let f € C™. The divided
difference fI" of order n is defined recursively by
f[n_l] (1'07 ceey Tn—2, x) - f[n_l] (1‘0, cee, Tp—2, In—l) (4)

Pz, .. 2,) = lim .
T—n T — Tp_1

Universal forms. When A C B(H) is a *-algebra, we write Q°(A) = ®pen, 2" (A) for the
universal differential graded algebra over A =: Q°(A), endowed with grading d. When D is
self-adjoint in H with [D, A] C B(H), we write Q5 (A) := 7p(Q(A)) where mp : QL(A) —
B(H) is the linear *-preserving map defined by 7p(adb) := a[D,b]. Whenever A € QL(A),
we write I := dA + A? € Q?(A) for the curvature of A.

The torus. The elements of the n-torus, T" := R"/Z", are usually denoted by ¢ or
[z], where [z] := z + Z" for z € R™. We denote by L, the left-translation on T", i.e.,
L[yl = [z +y]. We denote by e, the functions [z] e for each a € Z", and by v, the
equivalence class of e, in L2(T").
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Multiple Operator Integration for Finitely Summable and Relative Schatten Operators

In this chapter, adapted from [80, Sections 3 and 4] and [82, Section 3], we prove several
bounds and continuity properties of the multiple operator integral in the case that the (un-
bounded) self-adjoint operator is either finitely summable, or together with its perturbation
satisfies a constraint called the relative Schatten condition. These results will be crucial in
Chapters 2 and 3.

Results in Section 1.4 were obtained in collaboration with Anna Skripka.

1.1 Introduction

Multiple operator integration is a powerful tool with numerous applications in the noncom-
mutative realm, such as the theory of spectral shift, spectral flow, index theory, differenti-
ation of operator functions, and expansions of trace functionals. Multiple operator integrals
emerged in the 1950s from the groundbreaking work of [37, 64, 74]. Gradually, for example
in [3, 10, 37, 63, 85, 87], their properties and applicability became better understood. A full
treatment can be found in [98]. For us, multiple operator integrals will be of interest mainly
because of the operator trace functional

Vs Te(f(H + V). (1.1)

Here H is a (possibly unbounded) self-adjoint operator in a Hilbert space H, V € B(H)sa
is called a perturbation, and the test function f : R — C acts by functional calculus on
H + V. The functional (1.1) arises as the spectral action in noncommutative geometry, but
also occurs in quantum mechanics, most notably when H is some non-interactive Hamilto-
nian, and V is an interaction or potential term. A challenge in analyzing (1.1) lies in the
noncommutativity of H and V' which occurs for instance when H is a differential operator
and V is a multiplication operator (like a bounded potential term being added to a non-
interactive Hamiltonian) or when H and V lie in some more abstract noncommutative space
(for instance, when they are matrices). In these examples, one often wishes to analyze (1.1)
in the vicinity of V' = 0, which can be done with the Taylor expansion

1 d"
n! dt"

Te(f(H+V)) ~ ZTr( f(H+tV)|t:0). (1.2)
n=0

27
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Already here one runs into a number of analytical problems. For a start, it is not a priori
clear whether the higher order derivatives of t — f(H + tV') exist. Moreover, if they do, it
might still not hold that

n

dt?b
and hence the trace on the right-hand side of (1.2) might not be defined. Lastly, for a series
like the one in (1.2) to converge, one would hope for a trace-norm bound on 4 f (H +tV') ) i—o
that decays rapidly as n goes to infinity. In order to solve these problems, as well as obtain
more insight into expansions like (1.2), we will use multiple operator integrals.
The multiple operator integral Tﬁn] is an n-multilinear operator

fH+tV)|,_ €S,

TH

i) B(H) x -+ x B(H) = B(H)

(occasionally defined only on subsets of B(H)) depending on the function f by means of its
ntt divided difference (defined by (4)). Tt satisfies in particular

1 d"

(V... V) = o

s FH V)|,

A key analytical asset of the multiple operator integral is that it satisfies a Holder-type
bound, namely,

1 —_—
[T (Vi Vil < PO VAl 1 Valla, (1.3)
for a, ay, . .., satistying é = a% + ...+ (Tln and V; € §%. In particular, the multilinear
operator TH il S X - x §% — §Y is continuous, which turns out to provide a powerful

mterpretatlon of the derivatives of the functional (1.1). Moreover, by (1.3), we have that

dtnf(H+ tV)|,_o = 0! Tfu(V,....V) € S,

whenever V € 8™ and f € C" such that f(® € L'. The approach described above has
proven incredibly useful, as shown by e.g. [3, 72, 87]. However, for many examples, it is too
restrictive to ask that the perturbation is compact — let alone Schatten class. When V is for
instance a multiplication operator on a manifold, compactness implies that either V' =0 or
the manifold has dimension 0.

This chapter will show how the above results can be extended to noncompact perturba-
tions with some simple but powerful techniques. Instead of assuming V' € 8™ we will explore
the separate implications of two assumptions that are more often satisfied by examples en-
countered in the wild.

The first assumption we use is

(H-i)tess, (1.4)

for some number s, called the summability. This condition is called finite summability or
s-summability, and is satisfied for instance by differential operators on a compact manifold.
It is also often assumed for spectral triples (which are generalizations of compact manifolds),
in which case H = D is the generalized Dirac operator. For simplicity, we assume s € N,
which for first-order differential operators means that s should be at least the dimension
of the (noncommutative) manifold plus one, for reasons having to do with the fact that
> 1/n =00 but 300 1/n1t¢ < oo for every € > 0. Adding one (or €) to the dimension
can be avoided considering a weak noncommutative Lebesgue space instead of S%, but this
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is too technical to consider here. When considering Taylor approximations of high enough
order, the distinction does not matter, as we will see. In Section 1.3, we will show that,
under condition (1.4), we have

|70 Vi)

LS con(D IVl IVl [l =7,

for an explicit seminorm ¢, and all f € C" satisfying (fur)(™ € L' for all k < n and
m < s, where u(z) = x — i. The result is based on a formula that expresses the multiple
operator integral into a finite sum of terms that are clearly trace class. Simultaneously,
this expression implies strong continuity properties of the multiple operator integral, and
an explicit expression for the terms of the (noncommutative) Taylor expansion (1.2). Our
results generalize (parts of) [94] and [103]. The results in Section 1.3 will lay the analytical
foundation of Chapter 3, in which multiple operator integrals play a key role, because of
their analytical, but also their algebraic properties.
The second assumption we use is strictly more general than the first, (1.4), namely

V(H—-i)"ltes (1.5)

This condition is called relative Schatten or relative Schatten class. 1t is applicable also
for differential operators on locally compact spaces and generalized Dirac operators H = D
of nonunital spectral triples. Precise accounts of applications can be found in Section 2.4.
Under the assumption (1.5), we find in Section 1.4 that

[T )|, < enth)Iv e -
for an explicit seminorm ¢, and all f € C™ satisfying f(, (fu?)®) € L', p < n. The proof
will again rely on an explicit expression in terms of trace-class summands. This expression
will be used extensively in Chapter 2. It also generalizes a few partial results in [24].

First, in Section 1.2, we will give a brief introduction to multiple operator integrals,
establishing conventions and results in a form that will be useful for us.

1.2 Multiple operator integration: preliminaries

We will give an introduction to the theory of multiple operator integration. A more thorough
discussion is found in [98]. Other good references are [3, 87].

The following very general definition of a multilinear operator integral was introduced in
[87] (see also [98, Definition 4.3.3]). Recall that Ey denotes the spectral measure of H and
that S“ denotes the Schatten a-class, with the convention that S = B(H).

Definition 1.2.1. For n € N, let ¢ : R"" — C be a bounded Borel function and fix
a,Qt,. .., qp € [1,00] such that é = 0%1 + ...+ a% Let Hy, ..., H, be self-adjoint operators
i H. Denote Eljm = EH]({%, %)) If for all V; € 8%, j =1,...,n, the double limit

Ho,..,Hn . . lo I\ o 1
T¢0 (thvn) = 7r}g>n001\}gnoo Z ¢(E”E) Elo,mlell,m"'Vn Z:l,m
[lo]yeess|ln| <N

exists in 8%, then the linear map Tf‘]"“’H” S X e x 8 — S, which is bounded by
the Banach—Steinhaus theorem, is called a multilinear operator integral, and we write
Tfo’”"H" € By, an- In the case that H; = H for all j, we also write Tf = TfH
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An important class of examples is given by the following result, which also explains
the appearance of the word integral in multiple operator integral. It concerns functions ¢
admitting a certain separation of variables, and is proven in [87, Lemma 3.5].

Theorem 1.2.2. Let Hy,..., H, be self-adjoint operators in H. Let ¢ : R"1 — C be a
function admitting the representation

¢(m0,...,mn):/an(:co,s)-~~an(xn,s)d1/(s), (1.6)

where (,v) is a finite measure space, a;(-,s) : R = C is a continuous function for every
s € Q, and there is a sequence {Q}72, of growing measurable subsets of Q such that Q =
U Q. and the families

{a;(-,9)}scqes J=0,....n
are uniformly bounded (md uniformly equicontinuous. Then, for all a,ay,...,ap € [1,00]

such that é = Q% +...+ 77 we have THO’ e BS, a, ond

Tf“""‘H"(Vl, LV = /lao(Ho,s)Vlal(Hl, s) - Vaan(Hyp, s) dv(s), o €H,
¢

as well as
Ho,....Hy, .
rCIU A smf{/QHHaj(-,s>||ood|v|<s>} Willa, - Vil
i=0

where the infimum is taken over all possible representations (1.6).

The above theorem in particular shows that TH () = f(H). More generally, we will use
the above theorem, although not exclusively, in the case that ¢ equals a divided difference
fas defined by (4). To explain how, let o denote the standard measure on the n-simplex,

A, = {(so,...,sn R"“ Zs]_l}

In order to apply Theorem 1.2.2 (and obtain Corollary 1.2.4) we need the following lemma.

Lemma 1.2.3. Whenever f € C™ is such that f/<;) € L' (c¢f. the discussion following (3))
we can write f™ as

(g, x,) = / / eitsozo ... eits"m”'jf(;)(t) dt do(sg, ..., 5n)-
n /R

As such, ¢ = fI" satisfies the assumptions of Theorem 1.2.2.

Proof. One simply combines the proofs of [87, Lemma 5.1] and [87, Lemma 5.2]. It is easily

seen that (X,07) := (A, x R,0 x f(") is a finite measure space with total variation equal
to arllf™]l1. O

Corollary 1.2.4. Let Hy ..., H, be self-adjoint in H and let f € C™ such that jf(:) c L.

For all ooy, . .., o € [1,00] such that £ = a% +...t+ T we have Ty 0’ Hn e By, an and

for allVi,....Vy, € B(H) and ¢ € H we have

Tﬁg]""*H”'(I/l7 LV = / /Re”SOHﬂvlei’«‘SlHl ettty ) (8) dt do (s, . . ., sn).
(1.7)
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Moreover, denoting |||, = |||, we have

HT;[{?]""’H"(M, V)

The next theorem, discovered in [87], shows that, in some cases, the norm of the multiple

R

Valla, - MIVall (1.8)

an *

operator integral T}, can be bounded not just by l£)|1, but even by || £ |ec.

Theorem 1.2.5. Let o, a,...,ay € (1,00) such that é = a% +...+ (Tln If f € C" is such

that £ e Cy then TJfI[,‘,?]”“’H" € By, a, and
Hy,...,Hy,
|7 s V)| < Canvnan [ 7] 1WAy - 1V, (1.9)
Proof. The result for Hy = ... = H, is proved in [87, Theorem 5.6]. Its extension to the
case of distinct Hy, ..., H, is explained in the proof of [98, Theorem 4.3.10]. O
1.2.1 Continuity
Equation (1.8) shows in particular that T;I[S]’“"H” :B(H)*™ — B(H) is ||-||-continuous. This

is known to still hold true when we replace (B(H), ||-||) by (B(H)1,s.0.t.) (see [3, Proposition
4.9]). Here B(H)1 denotes the closed unit ball in B(H), and s.o.t. the strong operator
topology. These results can be unified and generalized by writing £% = (8%, ||,) for
a € [1,00) and L= := (B(H)1,s.0.t.). We can then make use of the following standard result
in operator theory.

Lemma 1.2.6. Let a, o € [1,00] satisfy é = a% +...+ i Then, the function
(A1, Ap) = Ar--- Ay
is a continuous map from L X -+ x LY to L%,

This implies the following slight strengthening of [3, Proposition 4.9].
Lemma 1.2.7. Let f € C™ with j’/(;) € L' and let a, o € [1,00] with é =
Then

4.4+

1
a1 Qn
Ho,...,H,
T/[Sf LY o LY L
s continuous.

Proof. If o = 00, then all aj = 00, and the result is proven in [3, Proposition 4.9]. If o < o0,
we define
Ast = eitsoHo‘/leitslHl . Vneitann7

for all (s,t) € A, x R =: X. We find

(T (Vi Vi) B) = / /IR Tr(As  B)FO0 (1) dtdo(so, - -, 50), (1.10)
for every B € 8, where o/ = (1 —1/a)~!. By Lemma 1.2.6, for every (s, t), the operator
As1B € L' depends continuously on (Vi,...,V,) € LM x --- x LY. Since any convergent
sequence in L? is bounded with respect to ||-[|, (where [|-[|, = |||} an application of the
dominated convergence theorem shows that (1.10) depends sequentially continuously on
(Vi,...,Vy). By our specific choice of £, every £P is a metric space, hence sequential
continuity implies continuity. O

The relation é = a% + ...+ a—ln is central to the above Lemma. When the resolvent of

H is s-Schatten, however, for an explicit class W of functions f, defined in (1.16), we can
remove this restrictive relation. We will prove this in §1.3.2.
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1.2.2 Taylor remainder via operator integrals

The following result shows that the multiple operator integral of order n is a multilinear
extension of the n' derivative of an operator function. We refer the interested reader to [98]
for additional details.

Theorem 1.2.8. Letn € N and let f € C™(R) be such that f*) € L'(R), k=1,...,n. Let
H be a self-adjoint operator in H, let V- € B(H)sa. Then, the Fréchet derivative %%f(H+
tV)|i=o exists in the operator norm and admits the multiple operator integral representation

1 d"

S H+ V)|, = U (N 7o) (1.11)

il

The map t — %f(H + sV)|s=t is continuous in the strong operator topology and, when
V e S, in the S'-norm.

Proof. The first assertion is given in [98, Theorem 5.3.5] and, in fact, holds for a larger set
of functions. The second assertion follows from [98, Proposition 4.3.15]. The proof relies on
Theorems 1.2.2 and Lemma 1.2.3. O

Thanks to this theorem, we can formally express the perturbation of an operator function
in terms of operator integrals, via the Taylor series
1 d
k! dtk

WE

fH+V)~ FH+V)| o= TV, V),
k=0

=
Il

0

thereby giving access to a wide variety of algebraic and analytic results on multiple operator
integration. The formal expansion above can be made even more powerful by using Taylor

remainders. Given a function f € C"(R) satisfying f*) € L}(R), k = 1,...,n, a self-adjoint
operator H in H, and V € B(H)sa, we denote the n™ Taylor remainder by

n—1 1 dk
Ropi (V)= f(H+V) =Y o fH+ V)] (1.12)
k=0 "

Like the individual terms of the Taylor series, the remainder can also be expressed in
terms of a multiple operator integral.

Theorem 1.2.9. Let n € N and let f € C™(R) be such that f®) € L'R), k= 1,...,n. Let
H be a self-adjoint operators in H, let V € B(H)sa. We then have

Ry (V) =Ty 1V v). (1.13)

Proof. By [98, Theorem 3.3.8] for k = 0 and [98, Theorem 4.3.14] for k > 1,

Ho+Vo,Hy,...,H, Ho,....H, Ho+Vo,Ho,...,H,
Tt (Ve Vi) = Ty (Ve Vi) = T 00 Vo, V), (114)

where Hy, ..., Hy, are self-adjoint operators in H and Vj,...,V; € B(H)sa. In particular,

HAV,H,...H H,..H H+V,H,..,H
Tfi (Voo V) = Ty (Vi V) = Ty (Ve V). (1.15)
Combining (1.15) with (1.11) and proceeding by induction on k yields (1.13). O
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1.3 Finitely summable
We specialize the class of functions f that appear in Theorem 1.2.9 and consider for s,n € Ny:
W= {feC: (fur)®) ¢ L' forallm=0,...,s and k=0,...,n}, (1.16)

where u(z) := « — i. Examples of functions in W' are n + 1-differentiable functions such
that (fu®)®) € L? for all £ <n + 1, such as Schwartz functions, or functions in C*+1.

1.3.1 Bound on the multiple operator integral

In this section we will use the s-summability of H, as well as the above function class, to
obtain a trace-class estimate on the multiple operator integral Tﬁn], i.e., Theorem 1.3.4. For
summability s = 2, a similar estimate was found by Anna Skripka in [94, Lemma 3.6].

The core idea used in our proof is inspired by the proof of [94, Lemma 3.6], namely
to expand 1) (V1,...,V,) as a sum of operator integrals, of which the trace norm can be
bounded using (a noncommutative) Holder’s inequality. However, for general values of s, the
expansion process needs to be repeated, and the increasingly complicated summands need
to be controlled. As an intermediate step, we prove the following lemma.

Lemma 1.3.1. When f € C™ and f/(;) (m),]m € L', we have

TH0]~,---7HW,(V1’ o Vn)

it VAL V) (H =)

(fU)["

Ho,... JHjvq,.. Hy N
Tf[f 1] Hi—vHjn (Vi Vel )V (H — i)~ L.

Proof. Since ul'l = 1p2 and ul?! = 0 for all p > 2, the Leibniz rule for divided differences
gives

(fu) (1707 ey X)) = }(xo, oo xp)u(Ty) + f["*l](;zco7 ey 1),

hence,

f["](xg, ey Tp) = (fu)["](x07 o ap)uT (2) — f["_l](xg7 NS (T B (1.17)

By Lemma 1.2.3, the functions (fu) and f[*~1 admit the representation (1.6). Hence, the
function on the right-hand side of (1.17) also admits the representation (1.6). Therefore, by
Theorem 1.2.2 applied to ¢ = fI"l and ¢ = r.h.s of (1.17), we obtain the lemma. O

For brevity, we write Vk{j} = Vu(Hy, — )77, and, similarly, T(;;I""“’H"(Vl7 LVl =
T e (VL Vi) (H — 1)

Proposition 1.3.2. Fors,n € Ny, f e W', V1,...,V, € B(H), and Hy, ..., H, self-adjoint
in H, we have

min(s,n)

H" 7 H k] 7 . . .

U A ) S VD S o N R (S LA A )
k=0 3020, 41,-00sik>1,

Proof. Let n € Ny be fixed. We prove the proposition by induction on s. If s = 0, the
statement follows directly. Now suppose the claim of the proposition holds for a certain
s € Np, i.e., we have the displayed formula above. To each of its terms, we can apply Lemma
1.3.1, namely

THO"”"H“(Vh o ){]0} — 7Ho,- ’H”(V17 e Vn){j0+1} _ THo ----- Hp_1 Vi, ...

-
7l Tpuyir v,

) anl)
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for all f € W, ;. We obtain

Tf (Vs V)

min(s,n)
Ho,...,Hy_ 1 j i
Z szs k+1)[n k] V.. ’7Vn*k){]0+1}‘41{11k}+1 ’ “Vn{Jk}

(
k=0 J020, 1,05k 21
Jot..tjr=s

min(s,n—1)

Ho,....H, - jo+1 j j
+ Z ( 1)k+1 Z T(fzs k)ln I; 11] (V17 LR} ankfl)Vn{iok }Vn{ilk}+1 e Vn{]k}
7020, 71,0k >1
Jot...+jk=s

min(s,n)
Ho,...,Hy— 1 {71} j
Z T(fm+1 *)" k] (%""’Vn—k){m}vn—kﬂ"'Vn{Jk}
k=0 ]0>1 Jiyeenji 21
Jo+..+jk=s+1

min(s+1,n)
k Ho, - . -
D DR CE D DI AN (S R A AR s
= J0o=0, j1,..,jk>1
Jo+...+jp=s+1
In the first term, instead of letting & run from 0 to min(s,n), we can freely let & run from 0
to min(s + 1,n), because the adjacent sum over jo, ..., ji is trivial for k = s + 1. Similarly,
in the second term, we can freely let & run from 0 to min(s+1,7n). Combining the two terms
gives the claim of the lemma for s + 1, which completes the induction step. O

Remark 1.3.3. As is done in [94] to handle the case s = 2, one could use the real weight
u(z) := Va2 + 1 instead of the complex weight u(x) = x—1i to obtain a version of Proposition
1.3.2. However, because il # 0, the obtained summands will become horribly convoluted,
and the results do not seem to be as strong as when using u.

Thanks to Proposition 1.3.2 we can now prove the main result of this section, which is
vital to Chapter 3.

Theorem 1.3.4. Let H be self-adjoint in H such that (H —i)~! € S* for s € N. For
every n € Ny, every f € WP and every Vi,...,V,, € B(H), the multiple operator integral
f[n (V1,0 V) is trace-class and satisfies the bound

AT

LS csnD) VAl Vall G =67,

where

min(s,n)

. (fus—k)m—Fk)
P S ] i

k=0
More generally, when V € B(H)sa,

HT’“‘/H H V)

S esn(A VAL IVall 4+ VIl = D7

Proof. We apply Proposition 1.3.2, and find

o0,

Z 2 H &Iw*w—k](w. V) b0}

k=0 jo=>0,j1,...,.jk>1,
Jot...+jk=s

Jo

H Sl
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Apply (1.8), to find

min(s,n) H (fquik) H
(AN S RS DS i Al VAl =)
k=0 j0=0,j1,-.,k =1,
Jot...+je=s
A bit of combinatorics shows that the sum over jg, ..., ji adds a factor (Z , which implies

the first statement of the theorem. The second statement follows similarly, with the added
remark that

I(H +V =) M3 < A+ VIDICHE = )72

This inequality follows from the second resolvent identity. For more specific bounds see [35,
Appendix B, Lemma 6]. O

1.3.2 Continuity of the multiple operator integral
A second application of Proposition 1.3.2 is the following strong continuity property.

Theorem 1.3.5. Let s € N, H self-adjoint in H with (H —i)~! € 8%, n € Ny, and f € Wn.
The map

Tfy i £0% - x L% = L
is continuous. Recall here that L' = S', and that L = B(H)1, endowed with the strong
operator topology.

Proof. Suppose that V" — Vi,..., V" = V,, in L>. By Lemma 1.2.6, we obtain that
V)0 = VL, o/
We invoke Lemma 1.2.7 to find that

TH

(fus—k)ln—kl (‘/imv ) V':ik){jo} — Tl;v]usfk,)[n_k](‘/l, ey Vn,k){jo} in ,Cs/jo.

(
By Proposition 1.3.2 and Lemma 1.2.6, we find that

Ty W™ Vi) = Ty (Vi Va) i L,
so we are done. O

To emphasize the strength of this result, we compare it to Lemma 1.2.7 which was already
known (at least in the cases aq,...,a, < oo and o = oc0). By applying the continuity of
the inclusion £& < £ (o < B in [1,0]) to Theorem 1.3.5 we obtain the following clear
improvement of Lemma 1.2.7.

Corollary 1.3.6. Let s € N, H self-adjoint in H with (H—14)~' € 8%, n € Ng, and f € W?.
For any o € [1,00] and any a1, ..., oy € [1,00] (no relation between o and the a;’s assumed)

the map
Ty s L4 % - x L7 = L

s continuous.
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1.3.3 Taylor series in terms of divided differences

For a self-adjoint operator H in H with compact resolvent, we let 1, 2, ... be an orthonor-
mal basis of eigenvectors of H, with corresponding eigenvalues Aj, A2,.... When n € N
and

Vi,..., Vi € span{|p;) ()| : 4,5 € N},

we have, by Definition 1.2.1, the finite sum

TH WV Vi) = D M oo X)) (Wigin -+ (V)i i [930) (01|, (1118)
0, in €N
where Wy := {(pr, W) denote the matrix elements of W. In particular, assuming that
Vi=Vy=...=V, =V, and taking the trace, a standard computation (cf. [103, 105]) gives
d’IL H
S T 4 0V)) g = TH(THy (Vs V)
= Z f[n]()‘iu s Ay M) Vigin Vi yin Vi
i1yeesin €N
1 -
= D0 UG NV Vi Vi (119)
i1yensin €N

This formula appears in [54, Corollary 3.6] and, in higher generality, in [103, Theorem 18].
The formula (1.19) gives a very concrete way to calculate derivatives of the spectral action,
as well as calculate the Taylor series of a perturbation of the spectral action. One needs to
be careful, however, when applying this formula in a general setting. When the perturbation
V is not of finite rank, writing (1.19) as a sum over 41, ..., i, is misleading, as the series is
often not absolutely convergent and there is no reason for a Fubini theorem to hold. The
best way to generalize (1.19) is arguably by using the machinery we developed in Section
1.3.

Theorem 1.3.7. Forn,s € N, H self-adjoint in H with (H —i)™' € S*, V. € B(H), f €

W2, and {@i}ien an orthonormal basis of eigenvectors of H with corresponding eigenvalues

{\i }ien, we have
1 "

Wdt" TI‘(f(H + tV))|t 0~ lim Z (fl)[nil]()‘ilv B )‘in)‘/iliz e ‘/;nil'

Proof. Write EN := Y.\ i) (], and notice that EV — 1 strongly. Defining

VN .= ENVEN,

we obtain VN — V strongly by, for instance, Lemma 1.2.6. By Theorem 1.3.5 and (1.19),
we find

(T (Ve- .o, V) = Jim (T (VY. V)
o0
. 1 _
= ]\}E}noo E (fl)[n 1] ()\i17 te Aln) 1122 ‘/er?[zl
91,..,0n €N
o1 _
:1\}2,)[1005 Z (f/)[n 1](>‘i11"'7)‘in)‘/i1i2'“Viniw
W yeenyin <IN
which implies the theorem. O

A similar argument can be used to generalize (1.18) to arbitrary perturbations.
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1.4 Relative Schatten

The relative Schatten case, being a generalization of the finitely summable case, is slightly
more subtle. However, we can still obtain an analogue of Proposition 1.3.2, namely Theorem
1.4.1. This theorem will be used throughout Chapter 2, in particular to apply the bound
from Theorem 1.2.5 to the relative Schatten case, in which the perturbation V is generally
noncompact.

Theorem 1.4.1. Let n € N, let Hy, ..., H, be self-adjoint in H, and let Vi,...,V,, € B(H).

(i) For each j € {0,...,n} and every f € W} we have

Th ot (Vs Vi) =Tt (VL Vi = 0) 7 Vs, Vi)
Ho,...,.H;_1,H;1,....Hn N
7Tf[:—1] Jmr (V17"'7VJ'(HJ'77’) 1‘/j+17'-~7vn)-

(it) Denoting Vj; := Vjs1(Hjy1 —i)~" - Vi(H; —i)~", we have

n
Ho,...,Hn — Ho,Hj, .. Hj =~ - N
Tf[U (Vl"""/:"’) = Z(,l)” ! Z T(fip)[]pl] ]p(‘/bqjl7'"7‘/].17—11‘7.17)‘/].;7,“’

p=0 0<j1 < <jp<n
for every f € C™ satisfying f™, (fur)®) € L' for every p=10,...,n
(iil) If Ve(Hy — i)™t € S™ for every k= 1,...,n, then

oty ) e S

il
for every f € C™ satisfying ﬂ"\>, (fur)®) € L' for everyp=0,...,n

Proof. If, in (1.17), we swap a, and z; (for any j € {0,...,n}), we obtain, by symmetry of
the divided difference,

F (@, . wn) =(fu)M (o, . . . 20)u™ (25) (1.20)
- fn 1 (130, . 7‘ij17$j+la . ,l’n)uil(ﬁj).

Applying (1.20) repeatedly, similar to the proof of Proposition 1.3.2, we obtain

S

fl(@o, ) =D (=17 > (fuP)r =5t (zg, g, gy, )

p=0 n—s<j1<--<jp<n

cuT (@) T ()

by induction to s € {0,...,n}. Taking s = n, we find

(@, ... @) = Z( 1)n-r Z (fup)[p](:vo,a:jl,...,xjp)ufl(x1)~~~u71(xn).

0<j1<-<jp<n
(1,21)

To prove (i), we use Lemma 1.2.3 to see that the functions f*~1 and (fu)™ admit the
representation (1.6). Hence, the function on the right-hand side of (1.20) also admits the
representation (1.6). Therefore, by Theorem 1.2.2 applied to ¢ = fl and ¢ = r.h.s of (1.20),
we obtain (i). Similarly, applying Theorem 1.2.2 and Lemma 1.2.3 to (1.21) gives (ii).
Corollary 1.2.4 shows that the right-hand side of (ii) is trace-class, which gives (iii). O
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Remark 1.4.2. Although the condition V(H — i)~ € 8" is equivalent to V(H? +1)"1/2 ¢
S™, we made use of the complex weight u(x) = x — i rather than the real weight u(x) =
Va2 + 1 because there is no suitable analog of Theorem 1.4.1 for the latter. For instance, an
analog of (1.20) for @ with n =4 and j =1 contains terms like

f[z](:L'(), x9, 1‘4) ’EL[Q] (.’L‘l, T2, :L'3) ﬂ_l(ﬂf1). (1.22)

The latter term does not allow a separation of variables like in (1.21) which enables us to
write the result in terms of multiple operator integrals.

An immediate corollary of Theorem 1.4.1 is given by applying Corollary 1.2.4 (but one
could also apply Theorem 1.3.4 here).

Corollary 1.4.3. We have
[t v v < 3 S ()P, i =07 s 71,

In practice, one might want to estimate TI[{,L] (V,...,V) when V(H —14)~! € & for s > n.

This can easily be done, since then V(H — ’L) 1€ 8" and we can use Holder’s inequality to
find

v v, < 12 (5 @ | i v - o7

It may be clear that for similar assumptions (resolvent comparability, local compactness,
possibly using regularity, weak Schatten classes, von Neumann algebras, etcetera) similar
change of variables formulas like Proposition 1.3.2 and Theorem 1.4.1 can be derived. It
may also be clear that Theorem 1.4.1 has many more applications than the ones given here,
like continuity properties similar to the ones of §1.3.2. This Chapter will not pursue this
further, trusting that by now, the reader has already absorbed the necessary techniques to
obtain the best results available in their specific context. By the same philosophy, the results
and techniques of this chapter will now be used, in Chapter 2, in the context of the spectral
shift function.









Chapter 2

Spectral Shift Function for Relative
Schatten Perturbations

41






Spectral Shift Function for Relative Schatten Perturbations

This chapter, adapted from [80], affirmatively settles the question on existence of a real-
valued higher-order spectral shift function for relative Schatten class perturbations. Besides
showing that the spectral shift function satisfies the same trace formula as in the known case
of V€ 8", we show that it is unique up to a polynomial summand of order n—1. Our results
significantly advance earlier partial results where counterparts of the spectral shift function
for noncompact perturbations lacked real-valuedness and aforementioned uniqueness as well
as appeared in more complicated trace formulas for much more restrictive sets of functions.
Our result applies to models arising in noncommutative geometry and mathematical physics.
Results in this chapter were obtained in collaboration with Anna Skripka.

2.1 Introduction

The spectral shift function originates from the foundational work [64] of M.G. Krein which
followed I.M. Lifshits’s physics research summarized in [74]. It is a central object in perturb-
ation theory that allows to approximate a perturbed operator function by the unperturbed
one, while controlling noncommutativity in the remainder. In [63], Koplienko suggested
an interesting and useful generalization by considering higher-order Taylor remainders and
conjecturing existence of higher-order spectral shift functions. Many partial results were
obtained in that direction, but they were confined to either lower order approximations,
weakened trace functionals and representations, or compact perturbations. This chapter
closes a gap between theory and applications, where perturbations are often noncompact, by
proving existence of a higher-order spectral shift function under the relative Schatten class
condition and obtaining bounds and properties stricter than previously known.

Our prime result is that, given a self-adjoint operator H densely defined in a separable
Hilbert space H and a bounded self-adjoint operator V' on H satisfying

V(H —i)"tesm, (2.1)

there exists a real-valued spectral shift function 1, = n, g, of order n. Namely, the trace
formula

n—1 1 dk )
Tr(f(H+V)=> gl H+ )|, | = / I (@) g (z) do (2.2)
k=0 R

holds for a wide class of functions f and the function 7, satisfies suitable uniqueness and
summability properties and bounds, as detailed below. The relative Schatten class condition
(2.1) applies, in particular, to
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(I) Ves™
(II) (H —i)' e S

(III) inner fluctuations of H = D in a regular locally compact spectral triple (A, H, D) (see
Section 2.4.2);

(IV) differential operators on manifolds perturbed by multiplication operators (see Section
2.4.1).

Under the assumption (I), the problem on existence of higher-order spectral shift functions
has been resolved in [87]. Namely, (2.2) was established in [64], [63], [87] for n = 1, n = 2,
n > 3, respectively, for different classes of test functions f (see, e.g., [98, Section 5.5] for
details), where the function 7, = 7, g,v is unique, real-valued, and satisfies the bound

[l1lly < enl[ V][5

Taylor approximations and respective trace formulas were also derived in the study of the
spectral action functional Tr(f(H)) occurring in noncommutative geometry [20] for operators
H with compact resolvent (H —4)~!. The case of (II) and functions f in the form f(z) =
g(2?), where g is the Laplace transform of a regular Borel measure, was investigated in [103].
The case of compact (H —4)~! and f € C"T!(R) was handled in [94, 96]. In particular, the
existence of a locally integrable spectral shift function was established in [96].

In this chapter we generalize the results in the cases (I) and (II) while including the
interesting cases (II1) and (IV) without significant compromises.

Precise formulation of the result. In our main result, Theorem 2.3.1, given n € N and
H,V satisfying (2.1), we establish the existence of a real-valued function 1, = 1, m,- such
that 7, € L*(R, (H‘;ﬁ) for every € > 0 and such that (2.2) holds for every f € 20,
where the class 20,, is given by Definition 2.2.1. In particular, 20, includes all (n + 1)-
times continuously differentiable functions whose derivatives decay at infinity at the rate
f®(2) = O(|z|7*=*), k = 0,...,n + 1, for some a > 0 (see Proposition 2.2.3(i)). The
weighted L'-norm of the spectral shift function 7, admits the bound

N—1n
/|77n W_Cw(lJFE )”V(H*Z) Il

for every € > 0. Moreover, the locally integrable spectral shift function 7, is unique up to a
polynomial summand of degree at most n — 1.

Below we briefly summarize advantages of our main result in comparison to most relevant

prior results. Other results on approximation of operator functions and omitted details can
be found in [98, Chapter 5] and references cited therein.
Prior results. The existence of a real-valued function 7, € L (R, lf 2) satisfying the trace
formula (2.2) with n = 1 for bounded rational functions was established in [65, Theorem 3]
(see also [113, p. 48, Corollary 0.9.5]). The formula (2.2) was extended to twice-differentiable
f with bounded f’, f” such that

dk
@(f(x) — Cf.l?_l) = O(\x|_k_1_e) as |z|— o0, k=0,1,2, €>0, (2.3)

where ¢y is a constant, in [113, p. 47, Theorem 0.9.4]. The respective function 7 was
determined by (2.2) uniquely up to a constant summand. We prove that (2.2) with n =1
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holds for all 20;, which contains all functions satisfying (2.3) (see Proposition 2.2.3(i)) as
well as functions not included in (2.3) (see, e.g., Remark 2.2.4). Moreover, we prove that
ny is integrable with a smaller weight, namely 7, € L' (R, ﬁ) for € > 0. Thus, the
results of [65, Theorem 3] and [113, p. 47, Theorem 0.9.4] are strengthened by our Theorem
2.3.1 in the case (2.1).

In [77, Corollary 3.7], the trace formula (2.2) with n = 2 and a real-valued 7y €
Lt (R (lfﬁ) was proved for a set of functions including Schwartz functions along with
span{(z — )% : Im(z2) # 0, k € N, k > 2}. The respective 72 € L' (R, (14(3%)2) was determ-
ined by (2.2) uniquely up to a linear summand. We prove that (2.2) with n = 2 holds for all
f € 2o, which contains the functions (z —-)~1, Im(z) # 0 not included in [77, Corollary 3.7]
and the Schwartz functions included in [77, Corollary 3.7], and that 7 is integrable with a
significantly smaller weight, namely, 7, € L' (R, (Hl‘iﬁ) for € > 0.

Let n > 2. The existence of a complex-valued 7, € L' (R satisfying the trace

dx )
gl (1+m2>n/2
formula

n—1 dn—l

T (F(H +V) - Zk'dtkf (H + V)=o) = /H{W((zfi)%f’(m))ﬁn(x)dx (2.4)

for a set of functions f including span{(z— )7, Tm(z) > 0, k € N, k > 2n} was established
in [24, Theorem 4.6] (see also [24, Remark 4.8(ii)]). The weighted L!'-norm of 7, satisfies
the bound

dx
in(2)] ———— < (L + V)" HIV(H — i)
[ g S e VIV 07

As distinct from the aforementioned result of [24] for n > 2, the function 7, in our main
result is real-valued and satisfies the simpler trace formula (2.2) for the larger class 20,, of
functions f described in terms of familiar function classes. Moreover, the set of functions
207, is large enough to ensure the uniqueness of 7, up to a polynomial term of degree at
most n — 1.

Other assumptions on H and V, all having their own merits and limitations, were also
considered in the literature. For instance, the existence of a nonnegative function 7y =
nomy € Lt (R, (175%)7)7 v > 1/2, satisfying the trace formula (2.2) with n = 2 for bounded

rational functions f was established in [63, Theorem 2] under the assumption V|H — z\*% S
82, A more relaxed condition (H +V —i)~! — (H —4)~! € 8" was traded off for a more
restrictive set of functions f and, when n > 2, for more complicated trace formulas where
both the left and right-hand sides of (2.2) are modified. The respective results for n = 1
can be found in [65, Theorem 3] and [112, Theorem 2.2]; for n = 2 in [77, Theorem 3.5,
Corollary 3.6]; for n > 2 in [88, Theorem 3.5] and [95].

Methods. The technical scheme leading to the representation (2.2) under the assumption
(2.1) is more subtle than the one under the assumption (I). The derivatives and Taylor
approximations of operator functions are known to be expressible in terms of multiple oper-
ator integrals (see Theorems 1.2.8 and 1.2.9). The prime technique to handle these multiple
operator integrals (see Theorem 1.2.5) only applies to compact perturbations satisfying (I).
To bridge the gap between existing results for (I) and our setting (2.1) we impose suitable
weights on the perturbations and involve multi-stage approximation arguments for functions
and perturbations.

In Theorem 2.2.6 we create Schatten class perturbations out of relative Schatten class
perturbations (2.1) inside a multiple operator integral whose integrand is the nth order
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divided difference fI"! of a function f € C™(R) satisfying the properties f*)(z) = o(|z| %)
as |x| = 00, k =0,...,n,and f(® € LY(R). Our Theorem 2.2.6 significantly generalizes and
extends earlier attempts in that direction made in [94, Lemma 3.6], [96, Proposition 2.7],
[24, Lemma 4.1]. The proof of Theorem 2.2.6 involves the introduction of novel function
classes (see Definition 2.2.1, (2.8), and (2.9)), approximation arguments (sece Lemma 2.2.5),
and analysis of multilinear operator integrals.

Based on the aforementioned results and analysis of distributions, in Proposition 2.3.2
we establish the trace formula

Tr<f(H+V ikld—k (H+1tV)|,_ 0) /f () dpin(2) (2.5)
k=0

for every f € 20, where p, is a Borel measure determined uniquely up to an absolutely
continuous term whose density is a polynomial of degree at most n — 1 and such that for
every € > 0 the measure (z — )" ¢ dpu,(2) is finite and satisfies

(=4 dpnl < en (L4 [[VH —i) |7 (2.6)

In order to obtain absolute continuity of y, (and hence obtain a spectral shift function)
we apply the change of variables provided by Theorem 1.4.1, in this case to multiple operator
integrals of order n — 1. This entails new terms for which the trace is defined only when
perturbations satisfy additional summability requirements. We establish an auxiliary result
for finite rank perturbations in Proposition 2.3.2 and then extend it to relative Schatten class
perturbations appearing in our main result with help of two new approximation results, one
for operators obtained in Lemma 2.3.7 and the other for Taylor remainders obtained in
Lemma 2.3.8. In order to apply those approximation results, in Lemma 2.3.5 we derive a
new representation for the remainder of the Taylor approximation of f(H + V') in terms of
handy components that are continuous in V' in a very strong sense.

In order to strengthen (2.5), in Proposition 2.3.4 we establish another weaker version
of (2.2) for f € CP(R), where on the left-hand side we have a certain component of the
Taylor remainder and on the right-hand side in place of f we have its product with some
complex weight. By combining advantages of the results of Propositions 2.3.2 and 2.3.4 we
derive the trace formula (2.2).

Examples. The relative Schatten class condition (2.1) arises in noncommutative geometry;
see, for instance, [103, 106]. In that setting, H is a generalized Dirac operator occurring in a
(possibly nonunital) spectral triple and V' a generalized vector potential [27, Section IV.1],
which is also known as an inner fluctuation or Connes’ differential one-form [20, 103]. For
unital spectral triples, the condition (II), which is known as finite summability, is often
assumed. For nonunital spectral triples, conditions similar to (III) are discussed in Section
2.4.2. Both in the unital and nonunital case, it is important to relax assumptions on the
function f appearing in the spectral action [20] since that function might be prescribed by
the model [22]. Sometimes it is impossible or at least inconvenient to assume that f is given
by a Laplace transform, as it was done in [103], and an explicit class of functions like we
consider in this chapter is more beneficial.

The condition (2.1) is also satisfied by many Dirac as well as random and deterministic
Schrodinger operators H with LP-potentials V. Appearance of such operators in problems
of mathematical physics is discussed in, for instance, [97, 113] and references cited therein.
Sufficient conditions for (2.1) are discussed in Section 2.4.
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Notations. Given a self-adjoint operator H in H and V € B(H), we denote
Vi=V(H-iL

If Hy,...,H,, are self-adjoint operators in H, and Vi,...,V,, are bounded operators, we
denote B
Vj = Vi(H; — i)~

We denote positive constants by letters ¢, C' with superscripts indicating dependence on
their parameters. For instance, the symbol ¢, denotes a constant depending only on the
parameter a. We write f(x) = O(g(x)) if there exists M > 0 such that |f(x)| < Mg(z) for
all z outside a compact set. We write f(z) = o(g(x)) if for all € > 0, we have |f(z)| < eg(x)
for all z outside a compact set.

2.2 Auxiliary technical results

In this section we set a technical foundation for the proof of our main result.

2.2.1 New function classes

In this subsection we introduce a new class of functions 2J,,, for which our main result holds,
along with auxiliary classes B,, and b,, and derive their properties.

Definition 2.2.1. Let 20,, denote the set of functions f € C™(R) such that
(i) f€CoR), f™(x) = o(|z|™") as |z = oo,
(i) f® e LY(R, (1 + |2|)*dz), k=1,...,n,
(iii) f™ e L'(R).

The following sufficient condition for integrability of the Fourier transform of a function
is a standard exercise and, thus, its proof is omitted.

Lemma 2.2.2. If f € L2(R) N C'(R) and f' € L%(R), then f € L'(R).
Proposition 2.2.3. Let n € N. Then, the following assertions hold.

(i) For every o> 0,

W, 2 {feC’"“: F®)(2) =O<|a:|_k_“) as x| = oo, k=0,...,n+1}.

(ii) Furthermore,

Qﬁng{fecm: F® F®) e LY(R), k:1,...,n}.

Proof. The inclusion in (i) is straightforward, as it follows from Lemma 2.2.2.
(ii) The properties f*), f e LY(R), k = 1,...,n follow immediately from the definition
of 2,,. To prove f*) € LY(R), k=1,...,n — 1, firstly we confirm that

Pk ecy, k=1,...,n—1, (2.7)

for every f € 20,,.
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Fix k € {2,...,n} and let
g= f(k*l)ukfl‘

Then, by the definition of the class 20,,,
gl _ f(k)uk71 + (k? _ 1)f(k71)uk72 c LI(R)

It follows that both lim g(x) and lim g(z) exist. Suppose that lim g(x) # 0. Then there
T—00 T—r—00 T—00
exist L,c > 0 such that for all © > L we have |g(z)| > ¢. Therefore,

c/;o lu™ (z)| dz < /Loo |F* D (@)ub2(2)| da < oo,

which is impossible. Hence, lim g(z) = 0 and, similarly, lim g(z) = 0. Thus, (2.7) holds.
r—00 T—r—00

From (2.7) we deduce that f*) € L°(R), k = 1,...,n — 1. By the definition of 20,

we also have f(®) € L°(R). Combining the latter with f* e LY(R), k = 1,...,n, implies

f® e L*R), k = 1,...,n. Hence, by Lemma 2.2.2, f*) ¢ LY(R) for k = 1,...,n — 1.

Therefore, the proof of (ii) is complete. O

Remark 2.2.4. It follows from Proposition 2.2.3(ii) that 23,, contains all bounded rational
functions except constant functions, which are trivial in the context of our main result. In
particular, 2, contains the space span{(z — -)7*F Tm(z) > 0, k € N, k > 2n} considered
in [24]. In addition, 20, contains all Schwartz functions and every f € C"t' such that
f(z) = |z|~% outside a bounded neighborhood of zero for some a > 0.

We will need the auxiliary function classes

B, i={recm: fPutecyR), k=0,...,n, £ e L'(R)} (2.8)
and
bnzz{fE%n:JTQ’)\M’ELl(R),p:O,...,n}. (2.9)

It follows from Definition 2.2.1, Proposition 2.2.3(ii), and (2.7) that
2, C B,,.
We also have the following result relating b,, and 95,,.

Lemma 2.2.5. The space b, is dense in B,, with respect to the norm

L .

W, = S]]+ 7
p=0

Proof. Let f € B,. Fix a Schwartz function ¢ such that ¢ € C°(R) and ¢(0) = 1. For
every k € N, define

or(z) = p(z/k), weR.
We note that { q/b; }20:1 is an approximate identity. In particular, it satisfies the property

lor*g—glli =0 as k— oo (2.10)
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for every g € L'. Define

Je = onf.
Because every ¢>1(€m) is of rapid decrease, it is obvious that flip P = P o ( 7‘2 ) (b,(cm) flo=m)yp
is integrable for every p € {0,...,n}. By Lemma 2.2.2 and the rapid decrease of every qb,(cm),

we obtain that f,ip)up € L! for every p € {0,...,n — 1}. In the same way, we obtain
that (f( )QS(THP) ™" ¢ L' for every p € {0,...,n — 1}. Moreover, we have (f™ppum) =
f(n) % ggun € L. Hence,

— n

=3 (1) (e Py et

p=0

We conclude that fj, € b,,.
In order to prove that || f®P)u? — flgp)upHoo — 0 as k — oo, we write

7o — 5| <1 - gu ] +Z( )H¢’ wr g @

Since fPluP € Cy(R), we obtain

H(l—qﬁk)f(mupHoo =0 as k— oo. (2.12)

By using ¢]gm) (z) = o™ (x:/k)/k™, we obtain

6" @y ()] < V2" ||6|| KT for @ e [<VE, V] (2.13)
and
H(bim)um . <v2" Hqﬁ(m)ume. (2.14)

We now analyze the terms on the right-hand side of (2.11) as k¥ — co. By (2.13), (2.14),
and the assumption fP~™uP~™ ¢ Cj, we obtain \|¢,(€m)umf(p7m)up7mHoo — 0 as k — oo.
Combining the latter with (2.11) and (2.12) implies

Hf(p)up_f]ip)upreo as k—o0o0, p=0,....n

We are left to prove that ||]7(;) - f,§">|\1 — 0. Applying f,g") = ZZLZO(,’%M;;")]‘(”*"U
along with standard properties of the Fourier transform and convolution yields

*Z( )’ ), L fem]| (2.15)

The first term on the right-hand side of (2.15) converges to 0 as k — oo by (2.10) applied to

g= f/(B The other terms on the right-hand side of (2.15) converge to 0 as k — oo because
1/k™ — 0. O

-7,

< |70 = G x g
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2.2.2 Change of variable formula
By the above results we can now generalize Theorem 1.4.1 to a larger class of functions.

Theorem 2.2.6. Let Hy, ..., H, be self-adjoint in H and let Vi,...,V, be such that Vi, =
Vi(Hy — i)~ € 8" for all k = 1,...,n. Then T;[If]’“"H”(Vl, ..., Vi) is trace-class, and we

have, denoting f/jJ = l7j+1 W,

n
o HoHj ,...H; -~ - -
Th V) =Y S D) P T (Vo Vi) Vi

finl (fup)le]
p=0 0<j1 < <jp<n
for every f € B, and hence, for every f € 20,,.
Proof. Let f € 9B,,. By Lemma 2.2.5 we can choose fj € b, for all k£ € N such that
1fe = Flh =0 and [ (fea’)® = (fu")Ploc = 0. (2.16)
Theorem 1.4.1(ii) in particular gives

n
Ho,....,Hpn _ Ho,Hj, ,....H ~ ~
Tf[’[b)] (V17""Vn) :Z Z (71)" pT(fk-uP)][ll’] ]p(VO,j17--~7Vjp,1,jp)vjp,n~
k p=00<j1<-<jp<n

(2.17)

We find that Vj, ;. € S for ay := 1/(jm — jm-1) € (1,00) (with the obvious choices
for m = 0 and m = n). A careful application of Corollary 1.2.4 shows that the right-
hand side of (2.17) is trace class. Another application of Corollary 1.2.4, now using the
L'-norm-convergence in (2.16), shows that the left-hand side of (2.17) converges to

T}f{ﬁf“'ﬂ"(vl, I )

in trace norm, which gives Tﬁ,‘f]"“’H" (Vi,...,Vy) € S! by completeness of S!. On the strength
of Theorem 1.2.5 and the sup-norm convergence in (2.16), the right-hand side of (2.17)
converges to the right-hand side of Theorem 2.2.6 in the topology of S for a certain o €
[1,00). Schatten convergence implies uniform convergence and so, by uniqueness of limits in
B(H), we find the last statement of the theorem. O

2.3 Existence of the spectral shift function

In this section we establish the main result of Chapter 2.

Theorem 2.3.1. Let n € N, let H be a self-adjoint operator in H, and let V € B(H)sa be
such that V(H — i)~ € S". Then, there exists ¢, > 0 and a real-valued function 1, such
that

dzr B iun
/R|nn(x)|W Sen(L+e)||VEH =Y foralle>0 (2.18)
and
Te (R, (V) =/Rf<”)(x)nn(:r) dz (2.19)

for every f € 2,,. The locally integrable function ny, is determined by (2.19) uniquely up to
a polynomial summand of degree at most n — 1.
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We start by outlining major steps and ideas of the proof of Theorem 2.3.1.

In Proposition 2.3.2 we establish a weaker version of (2.19) with measure du, on the
right-hand side of (2.19) in place of the desired absolutely continuous measure 7, (z) dz.
The measure j,, which we call the spectral shift measure, satisfies the bound (2.18). In
Proposition 2.3.4 we establish another weaker version of (2.19) for compactly supported
f, where on the left-hand side we have a certain component of the remainder and on the
right-hand side instead of f we have its product with some complex weight. By combining
advantages of the results of Propositions 2.3.2 and 2.3.4 we derive the trace formula (2.19).

One of our main tools is multiple operator integration theory developed for Schatten
class perturbations. This theory is not directly applicable in our setting, however, because
our perturbations are not compact. To bridge the gap between the existing theory and
our setting we combine the powerful results of Chapter 1 with multistage approximation
arguments. In particular, the proof of Proposition 2.3.4 requires two novel techniques. The
first one is a new expression for the remainder R, y (V') in terms of handy components that
are continuous in V' in a very strong sense. The second one is an approximation argument
that allows replacing relative Schatten V' by finite rank V) and strengthens convergence
arguments present in the literature.

2.3.1 Existence of the spectral shift measure

The following result is our first major step in the proof of the representation (2.19).
Proposition 2.3.2. Let n € N, let H be a self-adjoint operator in H, and let V € B(H)sa
be such that V(H —i)~' € 8". Then, there exists a Borel measure , such that

Te(Ros (V) = [ 7, (2.20)
for every f € 0, and
djin() = " (z) dv(2) + n(2) da, (2.21)
where vy, is a finite measure satisfying
vl < en |[V(H — i)~ (2.22)
and &, is a continuous function satisfying
(@)l < ca[[VIH =) 7!, A+ 2", z€R, (2.23)

for some constant ¢, > 0 independent from V', H, and x. If fi,, is another locally finite Borel
measure such that (2.20) holds for all f € C"*L, then djfin(z) = dpy(x) + pn—1(z) dz, where
Pn—1 18 a polynomial of degree at most n — 1.

To prove Proposition 2.3.2 we need the estimate stated below.

Lemma 2.3.3. Let k € N, let Hy,...,Hy be self-adjoint operators in H, let oy ..., qp €
(1,00) be such that 1 = (%1 +...+ a% Then, there exists cq := Cay,...,ap, > 0 such that for all
BjeS8%,j=1,...,k we have

Ho,...,Hy,
\Tr(Tf[,?]‘ R (B, ..., By))| < ca

SO 1By 1Bella, (£ e CF P e )
and

| Te(BAT 5™ (Bay o BO) < ca [ 10| IBullay - 1Bulla,  (f € CF1p* D e gy,
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Consequently, there exist unique (complex) Borel measures pu1, g with total variation bounded
by callBilly, =+ 1Bkl such that

Tr(THO"“’H’“(Bl,...,Bk)):/f(k) dp (fecCk f® ey
JR

Ik
and
Te(Bi Tyl " (Ba, .., Bi)) = /]R FEDdpy (Fe L FED € Go).
Proof. The first assertion of the lemma, at least when Hy = ... = Hy, follows from [87,

Theorem 5.3 and Remark 5.4]. The extension to distinct Hy, ..., Hy is done in [98, Theorem
4.3.10]. The second assertion of the lemma is subsequently obtained by the Riesz—Markov
representation theorem for a bounded linear functional on the space Cp(R). O

Proof of Proposition 2.3.2. Using (1.13) and Theorem 2.2.6, we find

Rn,HA,f(V) =TH+V’H"'"’H(‘/, o V)

lnl
n . . .
DDV e Sl
p=0j1,....jp>1,p4+12>0
J1t+.Ajpr1=n
n
= RY (V). (2.24)
p=0

By the definition of 2, (see Definition 2.2.1) and property (2.7), we obtain (fu?)®) € Cy(R)
for every f € 2, p = 0,...,n. Hence, by Lemma 2.3.3 applied to each RZHf(V)v there
exist unique Borel measures fig, . .., fi, such that

|l < ColIV(H =) 717 (2.25)

and
(R (V) =Y [ (7)) di,
p=0

for every f € 20,. Applying a higher-order differentiation product rule on the right-hand
side above gives

n P
Te(Rp i (V) = S5 (i) %’! / FOE i,

p=0 k=0
n—1

=> / FEuE dpy, + / FMu duy,, (2.26)
k=0

for some Borel measures g, . .. fin—1, vy satisfying
2olls - - s i1 lls [l < Co [V (H =) (2:27)
Integrating by parts in (2.26) and applying

lim f®(2)uf(z) =0, k=0,....,n—1, (2.28)

r—+oo
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(see (2.7) in the proof of Proposition 2.2.3) yields

Tr(Ry,mr.5(V)) Z/ (FEDGF 4 e fBuFE) () jug(—o0 x)d:c+/f<n>u dvn.

Since
fEt e LYR), k=1,...,n,

we rearrange the terms above to obtain
Tr(Ry, g, (V Z/fk) uk~ 1 fk der/f(")u"an, (2.29)

where ék are continuous functions defined by

&u(@) = =1 ((—=00,2)) — k jup((—=00,2)), k=1,...,n—1,
én(l') = 7/\1’71*1((7007:5))7

so that
&)l < cnr VEH =)L, k=1,....n. (2.30)

By a repeated partial integration in (2.29) and application of (2.28), we obtain

Te(Ry 114 (V)) = /R £ dn (f € )

with
dpn (z) = u"(z) dvp(x) + & (x) dx, (2.31)
where
e [ Smoko1 .
nls0) - Z( 0 s [ s Gl s (232)
0 0
The function &, given by (2.32) is continuous. To confirm (2.23) we note that, for all m € N,
sup x)/ g(t) dt‘ <sup [ |—— | sup [ut " (z)g(®)| | < [[ut"g]lo- (2.33)
zek \ | (@) | g1<e|

By applying (2.33) (n — k)-times in (2.32) and using the bound (2.30), we obtain
en(@)] < ea|[VH = )72 (14 |2, zeR (2.34)

We have thereby proven the first part of the proposition.
To prove the second part of the proposition, we let fi,, be a locally finite measure such
that (2.20) holds for all f € C"*! and denote
Pn = pin = fln.
Then,

/f<"> don =0 (feCmhy. (2.35)
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We are left to confirm that
dpp(x) = pp-1(x) da, (2.36)

where p,_1 is a polynomial of degree at most n — 1. Consider the distribution 7" defined by

T(g) == /9 dpn

for all g € C°(R). By (2.35) and the definition of the derivative of a distribution, 7" = 0.
Since the primitive of a distribution is unique up to an additive constant (see, e.g., [51,
Theorem 3.10]), by an inductive argument (see, e.g., [51, Example 2.21]) we obtain (2.36). [

2.3.2 Alternative trace formula

The following result is our second major step in the proof of the representation (2.19). It
provides an alternative to (2.19) with weighted f on the right-hand side. It also provides
an alternative to (2.20) with weighted f on the right-hand side, thereby effectively replacing
the measure p,, with functions 7, ..., 7,-1 € LlOL
Proposition 2.3.4. Let n € N, let H be a self-adjoint operator in H, and let V € B(H)sa
satisfy V(H — i)t € S". Then, for every p=0,...,n — 1, there exists 1, € LllOC such that

n—1

Tr(Rn, s (V) = Z(*l)"*“”/R(fup)(p“)(x)ﬁp(x) da (2.37)

p=0
for all f € CPHL.

In order to prove (2.37) firstly we decompose R, g, f(V') into more convenient components
for which we can derive trace formulas by utilizing the method of the previous subsection,
partial integration, and approximation arguments.

Lemma 2.3.5. Let H be a self-adjoint operator in H, let V€ B(H)s, let n € N, and let
f el Then,

Rog(V) =Y ()" 'PRE o (V)

where
RY (V)= (f(H+V) = f(H)V*! (2.38)
and
RV 3 (T v vy v (2.39)

i > L 120
Jit...+ipt1=n—1

};;P;[I;’I(V ,Vjp)vjp+l)7 p:177’ﬂ—1

Proof. Using (1.11) and (1.13), we get

1 dn—l
Ry m (V) =Ry 1mp(V)— mwf(f[ +tV)|i=o
=Tt v ) = T (v ). (2.40)

An application of Theorem 1.4.1(ii) to each of the terms in (2.40) completes the proof. [
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Firstly we show that (2.37) holds when V is a finite-rank operator. This is done by
establishing an analog of (2.37) for R? w.;(V) and then extending (2.37) to Ry, 7,7 (V') with
help of Lemma 2.3.5.

Proposition 2.3.6. Let n € N, let H be a self-adjoint operator in H, and let V € B(H)sa
be of finite rank. Then, for p=0,...,n —1, there exists 7, € Ll such that

loc
Te(Ry (V) = /R (Fu?) P (@i () de

for all f € C"FL where RZ,H,f is given by (2.39).

Proof. The case n = 1 (and, hence, p = 0) was handled in [113, p. 47, Theorem 0.9.4]. Thus,
in our proof we assume tﬁat n > 2.
By the definition of R? .4(V) in Lemma 2.3.5,

TS Y (I )|

JiseJp2Liip+120
Jit.+jpr1=n—1

| T (T (VL V) i) }). (2.41)

By Lemma 2.3.3 applied to each summand on the right-hand side of (2.41),
~ N—1n—1
TR VOIS Y 2en ||| Ve -7

Jtyesdp2Lijp4120
Jit..+jpr1=n—1

N —1(n—1
e | (pun)@||_ IV -7 (2.42)
Hence, by the Riesz-Markov representation theorem, there exist unique Borel measures i,

such that L
v o\ — n—
gl < cn ||V (H =707

and

(5 (V) = [0 i,

for all f € 7! C 99, Hence, n,(z) := —fi,((—00, 7)) is a bounded function in L{ (R) and
the proposition follows by the partial integration formula for distribution functions. O

Proposition 2.3.6 will be extended from finite rank to relative Schatten class perturbations
by an approximation argument. To carry out the latter we build some technical machinery
below.

The following approximation of weighted perturbations is an important step in the ap-
proximation of the trace formula given by Proposition 2.3.6.

Lemma 2.3.7. Let H be a Hilbert space, H a self-adjoint operator in H, and let V € B(H)sa
be such that V(H —i)~' € S™. Then, there exists a sequence (Vi)y C B(H)sa of finite-rank
operators such that (Vi) converges strongly to V', such that

|[Vi(H i)™ = V(H =97, =0 as k — oo, (2.43)
and such that

Vil < IVl and  |[Vi(H =) 7H|, < [V(H = )7, (2.44)
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Proof. We start with a sequence of spectral projections, denoted
Py == En((=k, k),
which by the functional calculus converges strongly to 1. Applying subsequently the property
of orthogonal projections and standard functional calculus we obtain
(PeVPe)(H — i) 'Pp+ (1 — Py)) = (PVP)((H — i)' Py)
=PV(H—i) 'Pes" (2.45)

for each k € N. By the functional calculus, (H — )1 Py + (1 — Py) is invertible. Therefore,
from (2.45) we derive

PVP = PV(H—i) ' P (H—i) ' Po+ (1 - P)) ' e S™

For a fixed k, by the spectral theorem of compact self-adjoint operators, there exists a
sequence (E;)f°; of finite-rank projections, each E; commuting with P,V P, such that
Ey P,V Py, converges to P,V P, in 8™ as [ — oco. For all k& € N, there exists l; € N such
that

HEZ;CP]«VPI@ — PkVPkH” < 1//{3.
Define

Vi == Ey, P,V Py

Then ||Vi|| < ||V holds, Vj is self-adjoint, Vj, — V strongly, and

[Ve(H — i)' = V(H - )Y, <IEy PV Py = BV P, ||[(H =)
+||PV(H = i) ' Pe = V(H—i)7Y|

By Lemma 1.2.6, the latter expression converges to 0 as k — oo. The estimate

1B, PV Pe(H = )7, < B | IPlH [V (H = )7, 1 Pxll

n —

implies the second inequality in (2.44). O

Our approximation on the left-hand side of the trace formula in Proposition 2.3.6 is based
on the next estimate.

Lemma 2.3.8. Let H be a self-adjoint operator in H, let n € N, and let V. € B(H)sa be
such that V(H — i)™t € S". Let (Vi) C B(H)sa be a sequence satisfying the assertions of
Lemma 2.3.7. Let W € {V,V,,,}, where m € N. Then, given a > 0, there exists cp mg,v,a > 0
such that

| TR 11 (Vi) = By V)] < nsrva || ()20 1V = W

forallp=0,....,n—1, k€N, and f € C""* with supp(f) C [~a, a], where RZ,H’f is given
by (2.39).

Proof. By (2.39) in Lemma 2.3.5,

Ry gy (Vi) = Ry (W) (2.46)
[7ry 179 H+W,H,...H S
= Z (T(I;:;})/IZH, ,H(VJI ce Vk]”) Vk]p+1 _ T(f;;) s (WL, ... W) Wirn

J1seesdp2Ligp+120
Jite +Jp+1:W*1

(fup) " (ijl . ‘7]31))‘7]:1&1 + T(f;lp, (W 1 , ij) ij+1) .
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By (1.14),
H+ Vi, H,.... H Sip T7d H+Vie, HAW,H,...H Crip\ {7
Tyl (V. vy vl =Tyl (Vie = W, V4, V) VP (2.47)
+ T v,
By telescoping and (1.14) we obtain
H+W,H,...H CrIp\T7dp H+W,H,...H N
L O 0 | P (NP UC | e (2.48)
P Ho o
T(fup)[P](Vk]l’ IR Vlc]p)vkp+1 + T(ful’)[P](W . ’WJP)WJP-H
p+1
H+WH, LH J1 VS TR 7% TR 72 TR 190 \TA/Ip+1
—Z (fup)lp) (fup)[P])(Vk7"'7Vk VI WLWR L W)W
p+1 » o o o
= D T WV LV W i

Combining (2.46)—(2.48) and Theorem 1.4.1(1) yields
RY (Vi) = B (W) (2.49)
= > (Tﬁ;ﬁ’;{,ﬂ“"“f’((vk —W)H +W — i)~ VL v

J1sesdp2Lip+120
Jit..+jpr1=n—1

— PV (VW) (H + W — 0 VL T T

(fur)l?)
p+1 ~ ~ ~ ~ . ~ . ~ . ~ .
+ Z (Tl OV VG W Vi W Ve e

VA7 N /L 7 T T Wfp)v*vfw)).

A straightforward application of the second resolvent identity implies
(Ve =WYHAW =) = (Ve =W)(H =) X1 - W(H+W —i)~h).
For each W € {V,V,,,}, by the estimates (2.44) of Lemma 2.3.7, we obtain
Wl < [V [l (2.50)
and
[1-WEH+W—i) | <1+|V].
By the latter estimate,

[(Vi =W)(H+W =), < A+ VI Ve = W]l

It follows from (2.50) and the telescoping identity ij — Wi = Zi;& Vi(Vi — W)WI—1=7 that
IV = Wl < SIVIE IV = Wl
Applying the latter bound and Lemma 2.3.3 in (2.49) implies
|Tr(Rn Hf(Vk) - RZH,«(W))I
< > (ehyfJowe|| o+ | @] ) vl = W, (251)

J1seJp>1,Jp+120
Jit.+ipr1=n—1
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for some constants ¢! . and ¢2 ; depending only on n and 7ji,...,j,+1, and the constant
n.j n,j P

Cryar = (L+[IVID VIR~

If supp f C [—a, a], then the fundamental theorem of calculus gives
H(fup)(p)H <% H(fup)(P+1)H .
Since (fuPth)P+H) = (fuP)PtDy + (p + 1)(fuP)P), we obtain

| @D < (u@)] + 2000+ ) || (Fu) )|

o0

Along with (2.51), the latter two inequalities yield the result. O
Below we extend the result of Proposition 2.3.6 to relative Schatten class perturbations.

Proof of Proposition 2.5.4. Let (Vi) be a sequence provided by Lemma 2.3.7. For every
p€{0,...,n—1} and k € N, let 7,1, be a function satisfying

Te(R? 1 (Vi) = / (Fu?) ) ()it () e,

which exists by Proposition 2.3.6. By Lemma 2.3.8 applied to W = V,,,, we have

a
[ Vink@) = tom@l = sup TR 05) = R 05
—a ecnT,

supp(f)C[-a,al,
[l

< cn,H,V,a“Vk - VmHn

By Lemma 2.3.7, the latter expression approaches 0 as k > m — oco. Thus, (7, 1) is Cauchy

with respect to seminorms in which L{ _ is complete. Let j, be its L -limit.

Assume that f € C1. We obtain

/ i1y (@) (fu?) @) () di = / (Fu?) ) () 7y ()
R

supp f

—lim [ ()" (@) () da
k—o0 supp f

= lim Tr(R? .
vl r(Rn,H,f(Vk))

By Lemma 2.3.8 applied to W =V,

| Te(RY 4y (Vi) = B s (V)] < e mrvia

()| V= T
for every k € N. Hence, by Lemma 2.3.7,
TRy (V) = i (R (V) = [ (£ 0) (o) o
completing the proof of the result. O
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2.3.3 Absolute continuity of the spectral shift measure

In this subsection we prove our main result; existence and properties of a spectral shift
function for relative Schatten class perturbations. We will combine the results of §2.3.1 and
§2.3.2, namely, Propositions 2.3.2 and 2.3.4.

Proof of Theorem 2.5.1. Let f € C**1. Applying the general Leibniz differentiation rule on
the right-hand side of (2.37) (see Proposition 2.3.4) gives

n—1 N
Tr(Rnmp(V)) = Z(—l)”*lfp /R(fup)(p“)(-r) ip(x) dz.

p+1

—Z( vy / ("51) £ @)
—Z( N p%/f’” @ (70 Gt @l as

Integration by parts gives

TRy (V) =3 [ 10 @iy (o) do
p=0

where

p+1

n—k —k
Tp(t Z( 1)+1f' p'; /1?'/ dsl/ dsy - / uF (@) () dar.

Subsequent integration by parts gives

(R (V)
n-l x $1 Sp—p—2
- () (1 _1\yn—1-p s P ~ i de
JREE )(p}ox S Y | np(t)df>d
=:/f(”>($)f7n(w) dx (2.52)
R

for every f € C™L. Since 7, € Li
hence, 7, € Llloc.

By Proposition 2.3.2, there exists a locally finite Borel measure p,, satisfying (2.20) and
determined by (2.20) for every f € C?*! uniquely up to an absolutely continuous measure
whose density is a polynomial of degree at most n — 1. Combining the latter with (2.52)
implies

L. (see Proposition 2.3.4), we have that 7, € Li_ and,

iy (z) = My (z)dx + pp—1(z)dz =: 9, (z)dz, (2.53)

where p,_1 is a polynomial of degree at most n — 1. By Proposition 2.3.2, the function
T := N+ pn—1 satisfies (2.19) for every f € 20,,. The fact that u=""dpu, is a finite measure
translates to 7, € LY(R,u™""¢(z)dx).

It follows from (2.21) that

(™" dpn| < [lu™ Yoo llwnll + [[e™" &nll1-
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Along with (2.22) and (2.23), the latter implies
™ dpnl < en(L+ =) [V (H =)~ -

Since
1 0 00
/ (142%)1792dz <1 and / (142271792 4y < / i dr =l (2.54)
0 1 1

we obtain the bound

n

u™C dpn|| < e (L4 N ||V(H — i) (2.55)

n’

which translates to

dx
(@) e < en(l +e HIVH =)
o) 5 e ”

We define
Tn = Re(ﬁn)v

and obtain (2.18) by using |1,| < |.|. As we have seen, 7, satisfies (2.19) for all f € 20,,.
Therefore,

Te(Ryp s (V) = /R T (@), (z) da + i /R £ (@) Im (), (x)) da. (2.56)

When f € 20, is real-valued, the left-hand side of (2.56) is real, and consequently the
second term on the right-hand side of (2.56) vanishes. The latter implies (2.19) for real-
valued f € 20,,. By applying (2.19) to the real-valued functions Re(f) and Im(f), we extend
(2.19) to all f € 20,,.

The uniqueness of 7, satisfying (2.19) up to a polynomial summand of order at most n—1
can be established completely analogously to the uniqueness of the measure p,, established
in Proposition 2.3.2. O

2.4 Examples

In this section we discuss two classes of examples — arising in mathematical physics and
noncommutative geometry, respectively — that satisfy the condition (2.1).

2.4.1 Differential operators

In this section we consider conditions sufficient for perturbations of Dirac and Schrédinger
operators to satisfy (2.1).

We will consider self-adjoint perturbations V' = M, given by multiplication by a real-
valued function v € L>(R?). Let

>
A — i
P ox
denote the Laplacian operator densely defined in the Hilbert space L?(R?).

For m > 0, let D,, denote the free massive Dirac operator defined as follows. For d € N,
let N(d) := 2UHD/2] Let ¢, € Mpyq)(C), 0 < k < d, be the Clifford generators, that is,

el
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self-adjoint matrices satisfying e% =1for 0 <k <dand ey e, = —ep,ex, for 0 < ki, ks <d,
such that ki # ko. Let ia(zk = %O%k‘ Then, the operator

d
0
Dy, :=eg@ml + ep ® —
" ; i0xy

is densely defined in the Hilbert space CN(4) @ L2(R%). We note that Dy is unitarily equivalent
to 1 ® D, where 1 € My (4)—n(a—1)(C) and D is the usual massless Dirac operator. We also
note that, in the case when d = 1, the Dirac operator Dy = 1 ® m% can be identified with
the differential operator % in the Hilbert space L?(R).

The Schatten class membership of the weighted resolvents below was derived in [97,
Theorem 3.3 and Remark 3.6]. To estimate the respective Schatten norms one just needs to
carefully follow the proof of the latter result. The respective result for p € [1,2) is found in
[81], see also [97].

Theorem 2.4.1. Let d €N, 2 < p < co. Let v € LP(R?) N L™(RY) be real-valued.
(i) If p>d and m >0, then (1 ® M,)(Dy, — i)~ € SP and

(1 ® M) (D = )" lp < capllvllp. (2.57)

(i) Ifp> %, then My(—A — i)™t € SP and

IMo(=A = 0)7Hp < cap

V|- (2.58)

Remark 2.4.2. The bounds analogous to (2.57) and (2.58) can also be established for per-
turbed Dirac D,, + W and perturbed Schrodinger —A + W operators, respectively. The
respective results follow from Theorem 2.4.1 and Proposition 2.4.3 below. In particular, we
have the following bound for a massive Dirac operator with electromagnetic potential in the
case p > d:

d
(@@ M) (Do + " e ® My + 10 Mgy, =) || <cap(l+ max [lwgllo) ol
P
k=

1<k<d+1
for all real-valued functions wy, ..., w1 € Cp(R). The same reasoning applies to generalized
Dirac operators 1 ® D + W, where 1 € My(C) for k € N and W € B(C* @ H)sa, that are

associated with almost-commutative spectral triples (see [105, Chapter 8]).

Proposition 2.4.3. Let H,V be self-adjoint operators in H and W € B(H)sa. Let 1 <p <
oo and assume that |V (H —i)7||, < co. Then,

IVH +W =) p < [VEH =) Hlp(1+ [W]).
Proof. The result follows from the second resolvent identity
(H+W-dt=H-dt—H-)wEH+w -t

upon multiplying it by V' and applying Hoélder’s inequality for Schatten norms. ([
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2.4.2 Noncommutative geometry

In this subsection we show that the relative Schatten class condition occurs naturally in non-
commutative geometry, namely, in inner perturbations of regular locally compact spectral
triples, according to Definition 2.4.4 below. A locally compact spectral triple is a generaliz-
ation of a finitely summable spectral triple (Definition 3.3.1) to the case where the algebra
is possibly nonunital. Variations on this definition occur in, e.g., [33, Definitions 2.4 and
2.5], [34, Definitions 2.1 and 2.15 and Proposition 2.14], [36, Definition 7.7], [106, Hypothesis
1.2.1 and §2.2.3]. In any case, many examples (including noncommutative field theory, [42])
satisfy the definition that is given below.
Let dom(D) denote the domain of any operator D and let

op(T) :=[|D|, T]
be defined on those T' € B(H) for which dp(7T") extends to a bounded operator.

Definition 2.4.4. A locally compact spectral triple (A, H,D) consists of a separable
Hilbert space H, a self-adjoint operator D in H and a *-algebra A C B(H) such that
a(dom(D)) C dom(D), [D,a] estends to a bounded operator, a(D — i)~! is compact, and
a(D —4)~* € S' for all a € A and some s € N, called the summability of (A, H,D).
A (locally compact) spectral triple (A, H, D) is called regular if for all a € A, we have
a,[D,a] € N2, dom(sk,).

The following result appears to be known, but nowhere explicitly proven, although a
similar statement is made in [106], and [34] proves very related results. Let QL(A) :=
{377=1a4[D,bj] : aj,b; € A;n € N} denote the set of inner fluctuations [20] or Connes’
differential one-forms.

Theorem 2.4.5. A regular locally compact spectral triple (A, H, D) of summability s satisfies
V(D —i)~t € 8 for all V € QL (A).

Proof. Let V. = U a;[D,b;] € Q4 (A) be arbitrary and let § := §p. For all X €
N2, dom (%) we have

X(ID] =)~ = (1D =) 7' X + (ID] = )~ o(X)(ID| =)~
By induction, for all X € (32, dom(5*) there exists some Y € (72, dom(5*) such that
X(D| — i) = (D] - i), (2.59)

Since [D,b;] € N3, dom(d%) for all j and since g : R — C,t — (|t| —4)/(t — i) is
continuous and bounded, we have g(D) € B(#) and there exists some Y € B(#) such that

V(D —i)* = Zaj[D»bj](|D| —1)*g(D)?

= > a;(ID| =) Yg(D) = > a;(D — i) *g(D)“Yg(D) € "

J

More generally, let X1, ..., X, € 5o, dom(6%), let k1, ..., ky € N and set k = Z;n:l k;.
By induction, noting that (2, dom(6¥) is an algebra, and applying (2.59) to s = k;, we
obtain

m
[[xi(D—i)y™% =(—i)*y,
j=1
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for some Y € (32, dom(6*). If s is even, we obtain

[(D+3) 'V =v(D2+ 1) v V(D + 1) v
=V(D-1i)"°Y €S8,
for some Y € (2, dom(6*). Therefore, V(D —i)~! = (D +)"'V*)* € S°.
If 5 is odd, we use polar decomposition to obtain U € B(H) such that |[V(D — i)~} =
UV(D —4)~!. Hence,
V(D —i) ' |* =UV(D—4) V(D —i) "5}
=UV(D*+1)'V* - V(D*+ 1) 'VV(D —d) !
=UV(D-1i)*Y' e S!

for some Y’ € (2, dom(6%). Therefore, V(D —i)~! € S°. O
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Cyclic Cocycles in the Spectral Action

In this chapter, adapted from [82] and [83], we show that the spectral action, when perturbed
by an inner fluctuation, can be written as a series of Chern—Simons actions and Yang—Mills
actions of all orders. In the odd orders, generalized Chern—Simons forms are integrated
against an odd (b, B)-cocycle, whereas, in the even orders, powers of the curvature are
integrated against (b, B)-cocycles that are Hochschild cocycles as well. In both cases, the
Hochschild cochains are derived from the Taylor series expansion of the spectral action
Tr(f(D + V)) in powers of V. = mp(A), but unlike the Taylor expansion we expand in
increasing order of the forms in A. This extends [30], which computes only the scale-invariant
part of the spectral action, works in dimension at most 4, and assumes the vanishing tadpole
hypothesis. In our situation, we obtain a truly infinite odd (b, B)-cocycle. The analysis
involved draws from results in multiple operator integration obtained in Chapter 1, which
also allows us to give conditions under which this cocycle is entire, and under which our
expansion is absolutely convergent. As a first application of our expansion and of the gauge
invariance of the spectral action, we show that the odd (b, B)-cocycle pairs trivially with K.

As a second application, we show that a natural proposal for a quantum effective spectral
action at one loop satisfies a similar expansion formula, and is hence an indication of a
renormalization flow in the space of cyclic cocycles.

Results in this chapter were obtained in collaboration with Walter van Suijlekom.

3.1 Introduction

The spectral action [19, 20] is one of the key instruments in the applications of noncom-
mutative geometry to particle physics. With inner fluctuations [28] of a noncommutative
manifold playing the role of gauge potentials, the spectral action principle yields the cor-
responding Lagrangians. Indeed, the asymptotic behavior of the spectral action for small
momenta leads to experimentally testable field theories, by interpreting the spectral action
as a classical action and applying the usual renormalization group techniques. In particular,
this provides the simplest way known to geometrically explain the dynamics and interactions
of the gauge bosons and the Higgs boson in the Standard Model Lagrangian as an effective
field theory [21] (see also the textbooks [32, 105]). More general noncommutative manifolds
(spectral triples) can also be captured by the spectral action principle, leading to models
beyond the standard model as well. As shown in [30], if one restricts to the scale-invariant
part, one may naturally identify a Yang—Mills term and a Chern—Simons term to elegantly
appear in the spectral action. From the perspective of quantum field theory, the appearance
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of these field-theoretic action functionals sparks hope that we might find a way to go bey-
ond the classical framework provided by the spectral action principle. It is thus a natural
question whether we can also field-theoretically describe the full spectral action, without
resorting to the scale-invariant part.

Motivated by this, we study the spectral action when it is expanded in terms of inner
fluctuations associated to an arbitrary noncommutative manifold, without resorting to heat-
kernel techniques. Indeed, the latter are not always available and an understanding of the
full spectral action could provide deeper insight into how gauge theories originate from
noncommutative geometry. Let us now give a more precise description of our setup.

We let (A, H, D) be an s-summable spectral triple (¢f. Definition 3.3.1 below). If f :
R — C is a suitably nice function we may define the spectral action [20]:

Te(f(D))-

An inner fluctuation, as explained in [28], is given by a Hermitian universal one-form

A= iajdbj e Ql(A), (3.1)

Jj=1

for elements aj,b; € A. The terminology ‘fluctuation’ comes from representing A on H as

Vi=mp(A) =Y a;[D,b;] € B(H)sa, (3.2)
j=1

and fluctuating D to D+ V in the spectral action. The variation of the spectral action under
the inner fluctuation is then given by

Tr(f(D+V)) = Te(f(D)). (3-3)

As spectral triples can be understood as noncommutative spin® manifolds (see [29]) encoding
the gauge fields as an inner structure, one could hope that perturbations of the spectral action
could be understood in terms of noncommutative versions of geometrical, gauge theoretical
concepts. Hence we would like to express (3.3) in terms of universal forms constructed from
A. To express an action functional in terms of universal forms, one is naturally led to cyclic
cohomology. As it turns out, hidden inside the spectral action we will identify an odd (b, B)-
cocycle (1231,1/;3, ...) and an even (b, B)-cocycle (2, ¢4, ...) for which oo, = Boay, = 0, i.e.,
each Hochschild cochain ¢y, forms its own (b, B)-cocycle (0,...,0, ¢k, 0,...). On the other
hand, the odd (b, B)-cocycle ($hoj41) is truly infinite (in the sense of [27]).
The main result of this chapter is that for suitable f : R — C we may expand

T S o 1 k
T(f(D+V) - £(D)) ;( | ey | F) (34)

in which the series converges absolutely. Here 1951 is a scalar multiple of Yop_1, Fy =
tdA + t?A?) so that ' = F| is the curvature of A, and csop_1(A) = fol AFtkfldt is a
generalized noncommutative Chern-Simons form. We also give a bound on the remainder
of this expansion.

As already mentioned, a similar result was shown earlier to hold for the scale-invariant
part (p(0) of the spectral action. Indeed, Connes and Chamseddine [30] expressed the
variation of the scale-invariant part in dimension < 4 as

Cp+v(0) = Cp(0) = —i / (dA+ A?) + % /

<AdA + gA3) ,
Jy 3
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for a certain Hochschild 4-cocycle 19 and cyclic 3-cocycle 1.

Interestingly, a key role in our extension of this result to the full spectral action will
be played by multiple operator integrals. It is the natural replacement of residues in this
context, and also allows to go beyond dimension 4. For our analysis of the cocycle structure
that appears in the full spectral action we take the Taylor series expansion as a starting point.
This explains the appearance of multiple operator integrals, as traces thereof are multilinear
extensions of the derivatives of the spectral action. This viewpoint is also studied in [94, 103],
where multiple operator integrals are used to investigate the Taylor expansion of the spectral
action. As we will show, multiple operator integrals can also be used to define cyclic cocycles,
because of some known properties of the multiple operator integral that have been proved
in increasing generality in the last decades (e.g., in [3, 24, 80, 94, 103]). In Section 1.3 we
have pushed these results even further, by proving estimates and continuity properties for
the multiple operator integral when the self-adjoint operator has an s-summable resolvent,
thereby supplying the discussion here with a strong functional analytic foundation. Applying
the results of Section 1.4 and §2.4.2 in order to obtain (3.4) for locally compact spectral triples
is left open for future research.

We work out two interesting possibilities for application of our main result and the
techniques used to obtain it. The first application is to index theory. The analytically
powerful multiple operator integration techniques used for the absolute convergence of our
expansion also allow us to show that the found (b, B)-cocycles are entire in the sense of [26].
This makes it meaningful to analyze their pairing with K-theory, which we find to be trivial
in Section 3.5.

The second application is to quantization. In Section 3.6, though evading analytical
difficulties, we will take a first step towards the quantization of the spectral action within
the framework of spectral triples. Using the asymptotic expansion proved in Theorem 3.4.3,
and some basic quantum field theoretic techniques, we will propose a one-loop quantum
effective spectral action and show that it satisfies a similar expansion formula, featuring in
particular a new pair of cyclic cocycles.

3.2 Multiple operator integrals and a new function class

As our goal is to understand the structure of the gauge fluctuations in the spectral action,
a good starting point is the (noncommutative) Taylor series expansion of Tr(f(D + V)),
expanded in V. In the sense of Chapter 1, we may replace the n' order derivatives occurring
in the Taylor series of the spectral action by a multiple operator integral, and obtain

Te(f(D+V)) ~ ZTr(T}P[n] V,...,V)), (3.5)
n=0

which allows us to apply the powerful toolkit of multiple operator integration.
Indeed, we recall that the main result of Section 1.3 was the following bound on the
multiple operator integral:

HT]?T:]H/,D,“.,D(VL V)

‘1 < csn(H) VAl IVall @+ IIVID (D = D73 (3.6)

It was proven for functions f € W", i.e., all f € C" satisfying ((fu™)®)" e L' for all m < s
and k < n, where u(z) =z — i.

The analytical result (3.6) allows us to freely work with the traces of multiple operator
integrals up to order n. This is actually the sole analytical ingredient for a truncated version
(Theorem 3.4.3) of our main result (Theorem 3.4.1). However, if we want the expansion
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(3.4) to converge, we will need to impose infinite differentiability of f, as well as a growth
condition on ¢, (f) as n goes to infinity. We therefore introduce the space

ggzz{fecw

there exists Cy > 1 s.t. ||(fum)™)||; < (Cp)"nlY
forallm =0,...,s and n € Ny ’

for v € (0,1]. Our main result is that the expansion (3.4) holds for all functions f € &7,
and certain perturbations A. If v = 1, the expansion converges absolutely whenever the
perturbation A is sufficiently small. If 7 < 1 the expansion converges absolutely for all
perturbations. The following Lemma underlies both results.

Lemma 3.2.1. Let s € N, D self-adjoint in H with (D —4)~! € 8%, and v € (0,1]. For any
f € & there exists a C > 1 such that for alln € Ng, V4,...,V, € B(H), and V € B(H)sa,
we have

HTﬁ;V’DMD(m, LW <

(Cm =Y VAl Vall U+ VI = )7

Proof. Apply the definition of £ to Theorem 1.3.4, and absorb 2% into the constant C. [

This lemma will be used in §3.4.2 and Section 3.5.
Examples of functions in ! are Schwartz functions with compactly supported Fourier
transform. The following proposition gives more examples.

Proposition 3.2.2. Let f € C* and s,t € Ny.

(i) If f€ &L and g € &}, then fg € EL,,.

(ii) If f € L' with |f(z)| < e=*l a.e. for some ¢ > 0, then f € &.
(iil) If fu € L' with |fug )| < el a.e. for some ¢ >0, then f € EL.
(iv) Rational functions in O(|z|~*7') are in E}.

22

(v) The function x — e~ is in g2 for any s € Ng.

Proof. (i) For m < s and p < t, Young’s inequality gives
WMWW%<Z<MﬁMWWWWHM
< (n+1)nl(CpCy)" .

Any polynomial in n is O(C™) for some C' > 1.

(i) As
NN _ 2cx
c) || mE: —m c\x| =e

we find Hf N1 = ||| f]l1 < ||e25‘z‘f|| (% ©)~"nl, thereby obtaining f € &;.

(iii) Item (i) gives that fu® € &} It is easy to see that u™* € &L ;. Therefore (i)
gives f € EL, e, [(fum)® |y < (Cp)"Hinl for m < s — 1. Similar to (i) we get

T

[|(fus)™) ||y < C™inl for some C > 1.
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(iv) Follows from (iii).

(v) Let f(z) = e~ and m € No. The Fourier transform of fu™ is a polynomial times a
Gaussian, say (fu™) (z) = p(z)e ="/, Therefore,

[ (pumyio

= [t p@yer

E
22
Furthermore, |z|® = ¢*\/(22/c2)" < *Vnler?/ = Vnlches | so

z?
p(x)e 2

| Fumyi

<Vnle"
1

1

Therefore, f € 551/2 for any s € Np. O
3.3 Cyclic cocycles and universal forms underlying the
spectral action

Mainly to fix our conventions, we start with the definition of a finitely summable spectral
triple, which is the situation in which our main result is stated.

Definition 3.3.1. Let s € N. An s-summable spectral triple (A, H, D) consists of a
separable Hilbert space H, a self-adjoint operator D in H and a unital *-algebra A C B(H),
such that, for all a € A, adom D C dom D and [D,a] extends to a bounded operator, and
(D —i)~t e so.

Throughout the rest of this chapter, we let (A, H, D) be an s-summable spectral triple
for s € N, and we let f € WY for n € Ny, unless stated otherwise.

Definition 3.3.2. Define a multilinear function (-) : B(H)*"™ — C by
(Vi,..., V) = ZTr(Tﬁn](Vj,...,Vn,Vl,...,Vj_l))‘ (3.7)
j=1

For our algebraic results (which make up most of Section 3.3 and §3.4.1) we only need
two simple properties of the bracket (-), stated in the following lemma. After proving this
lemma, all analytical subtleties (related to the unboundedness of D) are taken care of, and
we can focus on the algebra that ensues from these simple rules.

Lemma 3.3.3. For Vi,...,V,, € B(H) and a € A we have
(I) <‘/1,7‘/n>: <‘/n7‘/17~~'a‘/n71>a
(I (Vi,...,aVj, ..., Vo) = Vi, Vicaa, oo Vi) = (Vi Vi, Dy al, Vs Vo),

where it is understood that for the edge case j = 1 we need to substitute n for j — 1 on the
left-hand side, and f € Wit is assumed to define the right-hand side.

Proof. Property (I) follows immediately from Definition 3.3.2. By using (1.18) for finite-rank
operators Vi, ..., V,, we have,

Tf[[)n](‘/la“w‘/j?a‘/j-é—lv“'vvn)_Tﬁn](‘/lw“v‘/ja»v}—klw~'7Vn)

:T]“D[’l+1](‘/17'"7‘/]'7[D7a}7‘/j+17---7‘/n)7 (38)
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and the two edge cases,

TRa(aVi,.., Vo) = aT Ry (V... Vo) = TRun (D, a], Vi, Vo), (3.9)
TRVis -, Vaa = TRy (Vi Vaa) = Ty (Vis ., Vi, [D, ). (3.10)

By Theorem 1.3.5, and the fact that the finite-rank operators lie strongly dense in B(H), we
find that formulas (3.8), (3.9), and (3.10) hold for all Vi,...,V,, € B(H). Hence,

<aVv17Vv27"~>Vn> - <‘/17‘/2>“'7V7’La/>
=Y T(TR (V) Vi [Dyal, Vi, Vim))
j=2

+Te(Thy Vi, Vo)) = (T (Vh, -, Vaa)

= ZTr(Tﬁn+l](‘/j7 ERE) V’m [Daa]7 ‘/17 ey ijfl))

j=2

+T(T Ry ([Dsal, Vi, Vi) + Te(aT gy (Vs -, Va)) = Te(TRy (Vi Vo))
= T(TRus(Vis- s Vi [Dsa], Vi, Vo))

j=2

+ T(T Ry ([Dyal, Vi Vi) + Te(T iy (Vi -, Vi, [D, )
=([D,a],V1,...,Vp),

and therefore (II) follows by applying (I). O

Remark 3.3.4. Under additional assumptions — for instance when Vi,...,V, € S' and
f € W is such that f" is compactly supported and analytic in a region of C containing a
rectifiable curve v which surrounds the support of f in R — we have

1 n
Vi,...,Vp) = =—T1Tr (2 Vi(z— D).
( )= o (;{f()jﬂl (=D)")

This occurs in [103, Corl. 20] in the case where Vi = Vo = -+ = V,,. It would be interesting
to compare these resolvent formulas with the ones appearing in [84].

3.3.1 Hochschild and cyclic cocycles

When the above brackets (-) are evaluated at one-forms a[D, b] associated to a spectral triple,
the relations found in Lemma 3.3.3 can be translated nicely in terms of the coboundary
operators appearing in cyclic cohomology. This is very similar to the structure appearing in
the context of index theory, see for instance [43, 57].

Let us start by recalling the definition of the boundary operators b and B from [25].

Definition 3.3.5. If A is an algebra, and n € Ny, we define the space of Hochschild n-
cochains, denoted by C™(A), as the space of (n+1)-linear functionals ¢ on A with the property
that if aj = 1 for some j > 1, then ¢(ag, . ..,a,) = 0. Define operators b : C"(A) — C"+1(A)
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and B : C"t1(A) — C™(A) by

n

bp(ao, a1, ... ant1) ==Y (=1 ¢(ao, ..., a;a;41,. .., ani1)

j=0
+ (=1 (ant1a0, a1, .- an),
n
qu(a(), Alyeeey an) = Z(—l)njd)(l, Ajy Ajt1y vy ajfl).
7=0

Note that B = ABj in terms of the operator A of cyclic anti-symmetrization and the
operator defined by Bog(aog,ai,...,an) = ¢(1,a0,a1,...,an).

One may check that the pair (b, B) defines a double complex, i.e. b> = 0, B> = 0,
and bB + Bb = 0. Hochschild cohomology then arises as the cohomology of the complex
(C"™(A),b), while the for us relevant periodic cyclic cohomology is defined as the cohomology
of the totalization of the (b, B)-complex. That is to say,

C(A) =P ) M) = PCHTHA),

k k

form a complex with differential b + B and the cohomology of this complex is called peri-
odic cyclic cohomology. We will also refer to a periodic cyclic cocycle as a (b, B)-cocycle.
Explicitly, an odd (b, B)-cocycle is thus given by a sequence

(¢1a ¢37 ¢57 <. ~)7

where ¢o4 1 € C2FF1(A) and

boar+1 + Bpagys = 0,

for all £ > 0, and also B¢ = 0. An analogous statement holds for even (b, B)-cocycles.
3.3.2 Cyclic cocycles associated to multiple operator integrals
We define the following Hochschild n-cochain:

dn(ag, ... an) = {(ao[D,a1],[D,az],...,[D,a)]) (ag, ... ,ap € A). (3.11)

We easily see that Byg,, is invariant under cyclic permutations, so that B¢, = nBy¢, for
odd n and B¢, = 0 for even n. Also, ¢, (ag,...,a,) =0 when a; = 1 for some j > 1. We
put ¢o := 0.

Lemma 3.3.6. We have bp,, = ¢n11 for odd n and we have bgp, = 0 for even n.

Proof. As by = 0 by definition, and b2 = 0, we need only check the case in which n is odd.
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We find, by splitting up the sum, and shifting the second appearing sum by one, that

b¢n(a0, ooy an+1)
= (apa1[D, a1],[D,asl,...,[D,ant1]) — (apar[D,a1], [D,as), ..., [D, ant1])

+ z(_l)]<a0[D7 al}v [D7 a2]7 SRR aj[D7 aj+1]7 SRR [D7 an+1}>
i—
n+1

- Z ) (ao[D, a1, [D,as), ..., [D,aj1]aj, ... [D,ant1])

+ (an+1a0[D, al], [D, ag}, RN [D, an]>

(fl)j(ao[D, a1],[D,as),...,[D,ant1]) — (ao[D,a1], [D,as], ..., [D,anlan+1)

-

||
o

J
+ <an+1a0[Da a1]7 sy [Dv aTL])
= <[D> a’!H—lL aO[D7 a1]7 [Da a2]7 R [D7 an])
= ¢n+1(a0a ey an+1)’
by (I) and (II) of Lemma 3.3.3.
Lemma 3.3.7. Let n be even. We have bByp, = 2¢, — Bodpi1-

Proof. Splitting the sum in two, and shifting the index of the second sum, we find

bBogn(ao, - - -, an)
n—1

= (_1)j<[D aOL'"7aj[D7a]'+1L"'7[D7an]>

=0
Z ([D,ao), ..., [D,aj-1]aj, ..., [D,an]) + ([D,anac), ..., [D,an—1])
j=1

n—1
= {ao[D,a1],[D,az],...,[D,an]) + Z(*l)qu,aoL .., [D,ay))
j=1

- <[D7 a0]7 sy [D7 anfﬂa [D7 anfllan> + <[D7 anao}a LN [Da an71]>
= ¢n(a07"'aan) - <[Daa0]7'~'a[D7a’n]> + <[D7an}7[D7a0]7”-7[D7an71}>
+ <[D7 an]a0> [D7 a1]7 cee [D7 a’n—l])
= 2¢n(a07 ey an) - B0¢n+1(a07 ey an)a
by using both properties of the bracket (-) in the last step.

Motivated by this we define

Yok—1 = bop—1 — 3 Bodak,

so that
Bpojr1 = 2(2k + 1)bipog—1.

We can rephrase this property in terms of the (b, B)-complex as follows.
Proposition 3.3.8. Let ¢, and 191 be as defined above and set

-1 (k= 1)!

Pop—q = (—1) k1)

Tor v Y2k-1 -
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(i) The sequence (par) is a (b, B)-cocycle and each ¢op defines an even Hochschild cocycle:
boay, = 0.

(i) The sequence (o_1) is an odd (b, B)-cocycle.

We use an integral notation that is defined by linear extension of

/aoda1 cday, = / apday - - - day, := ¢(ag, a1, ..., an),
Js .

n

and similarly for .

3.3.3 Derivatives of the spectral action in terms of universal forms

In this section we will express the derivatives of the fluctuated spectral action (occurring in
the Taylor series) in terms of universal forms that are integrated along ¢. We thus make
the jump from an expression in terms of V = mp(A) € Q}(A)sa to an expression in terms
of A € Q'(A). By (1.11) and the definition of (V,..., V), we have, for n € N,

LI (D 4 V) = TRV V)
:%<V,-~7V>- (3.12)

As V decomposes as a finite sum V =3 a;[D, b;], our task is to express

<ajl [D, bjl]’ sy GGy [D7 bjn])
in terms of universal forms agday - - - da,, integrated along ¢. This is possible by just using
(II) and [D,a1as] = a1[D, a2] + [D, a1]as. Written out explicitly for increasing values of n,

the resulting expressions quickly become horribly convoluted. Thankfully, though, by lifting
them to the algebra M(Q2°(A)) = M2(C) ® Q°(A), these expressions take a tractable form.

Proposition 3.3.9. Let n € N. For ay,...,an,b1,...,b, € A, denoting Aj := a;db;, we

have
<a1[D,b1],...,an[D,an=/ f[(A s :’2) ((1))

Proof. If we combine, for every n € Ny, the n-multilinear function (-) from (3.7), we obtain
a linear function

() : TB(H) — C

on the tensor algebra TB(H) of B(H). For any w,v € TB(H), a straightforward calculation
using the commutation rule (II) from Lemma 3.3.3 shows that

<UJ ® a]‘_l[D, bj_l] ® (aj ajb]-) V> = (w ® (aj_l aj_lb]-_l) ]\Ij ® l/>., (3.13)
where M; € My(TB(H)) is defined by

. (ID;bj—1a5] + [D,bj1] @ [D,a;]  [D,bj1a;b;] + [D,bj—1] ® [D, a;b;]
M] T < 7[D7aj} *[D,ajbj} > . (3.14)
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Repeating (3.13), and subsequently using (3.11), it follows that

(@1[D,bi), .., an D, by]) = (@1[D, 5] ® ... @ ap1[Dybp1] @ (an  anby) ([D,bn])>

0
o ) (TT35) (P4)

Jj=2

o o () ()

j=

where from (3.14) we obtain

N — (d(bjfla]‘) + dbjflda]' d(bjflajbj) + dbj,ld(ajbj)>
=

—da; —d(a;b;)
. db]',l bj,1 a; + daj ajbj + dajb]- + ajdbj
- 0 -1 da]- dajb]- + a]-dbj ’

By also writing <d8"> = (dgn E"1> <(1)), we find that

<CL1[D, bl], N (ln[D7 an

_ dbl b1 L CLj + daj ajbj + dajbj + ajdbj db] bj 1
_A(“l aibr) ( 0 —1) (1_[2( da; dagb; + a;db; 0o —1))\o

J

e (I ) 6)

which concludes the proof. O

Corollary 3.3.10. Ifn € N, A€ QY(A) and V := mp(A) € QL(A), then

<v7...7v>=/¢(A 0) (A;AdA _i)n_l ((1)) (3.15)

Example 3.3.11. Using (3.15), we obtain in particular

/ A3dA+AdAA2) / AdAdAA + / AdAdAdA.
6 [ord
With (3.12), and in the sense of (3.5), this implies that
: R | 1, 1 1,
Te(f(D+ V)= (D) = [ A+5 [ a4+ [ (GAda+3a%)+ [ (Fadaa+2a?)
o1 @2 3 2 3 [} 3 4

+...,
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where the dots indicate terms of degree 5 and higher. Using ¢or—1 = Vo1 + %Boqﬁgk, this
becomes

1 ) 1 1,

T(f(D+V)— f(D) = [ A+ [ (A2+dA)+ <7AdA+ 7A>

P1 2 2 3 2 3

+i/ (dAdA+§(dAA2+AdAA+AQdA)+A4) +...
4

Notice that, if ¢4 would be tracial, we would be able to identify the terms dAA%, AdAA and
A%dA, and thus obtain the Yang-Mills form F? = (dA+ A?)?, under the fourth integral. In
the general case, however, cyclic permutations under f¢ produce correction terms, of which
we will need to keep track.

3.3.4 Near-tracial behavior of [ p

In §3.3.3, we have not yet used the cyclicity property (I) from Lemma 3.3.3. Now applying
that property yields the following proposition, which shows how j¢ differs from being tracial.
This proposition and its corollary are crucial for Section 3.4.

For a universal n-form X € Q"(A), define odd(X) := 1 if n is odd, and odd(X) := 0 if
n is even.

Proposition 3.3.12. Let X and Y be universal forms. Then

/d)XY—/(bYX :odd(Y)LYdX —odd(X)/(bXdY.

Proof. Without loss of generality, assume that X = zodz; ...dx, and Y = yody; ... dy; for
SOme xq, . .., Tn, Yo, - - -, Yk € A. By using dab = d(ab) — adb repeatedly, we get

/XY :/wodxl eodan—1 (d(zpyo) — xndyo)dyr - - - dy
¢ ¢

= / o (dacl cedap_d(zpyo) — dxy - - dxy—od(Tp—120)dyo + - . .
¢

o+ (—1)”71d(x11’2)dx3 cdxpdyo + (—1)"z1dxg - - - dmndyo)dyl - dyg

:<I0[D7I1]7 ooy [Dyzna], [Dsznyol, [Ds vl - - - [Dvyk]>
- <.Z‘0[D,.I‘1}, trey [D,.tn_g], [D,.Z‘n_ll'n], [D7y0}v [DvylL CEEE] [nyk]> +...
ot (—1)”71<x0[D,x1:c2], [D,x3],...,[D,xn], [D,yo], [D,y1],-- -, [D,yk,]>
+ (=1)"(zox1[D, 2], [D, x3], ..., [D,xa], [D,yol, [D,y1], .., [D,y])
:<x0[D,:c1], oD xRlyos (D, vil, - -, [D,yk]>
n—2
+ > (=1 (wo[D, 21, ., [D, 2l D, wol - - [Dy we])
7=0
—(wolD, 21, ., [y, yol Doyl -, [Pyl — 0dd(X) /¢Xdy.

Doing the same for [ s Y X and using cyclicity (Lemma 3.3.3(I)) yields the proposition. [
A quick check shows that the above proposition implies the following handy rules.

Corollary 3.3.13. Let X,Y € Q*(A), and A € Q' (A).
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(i) If X andY are both of even degree, then

/XY:/YX.
¢ ¢

(ii) If X has odd degree, then
/(AX - XA) = /d(AX).
¢ Jé

(iii) If X has even degree, then

/(XAfAX)z/dXA+/dAdX.
¢ ¢ ¢

3.3.5 Higher-order generalized Chern—Simons forms

As a final preparation for the formulation of our main result, we briefly recall from [89] the
definition of Chern—Simons forms.

Definition 3.3.14. Let (Q°,d) be a differential graded algebra. The Chern—Simons form
of degree 2k — 1 is given for A € Q' by
1
csop_1(A) = / A(F)*Lat, (3.16)
0

where Fy = tdA + t?A? is the curvature two-form of the (connection) one-form Ay = tA.

We will only work with the universal differential graded algebra Q° = Q°(A) for the
algebra A.

Example 3.3.15. For the first three Chern—-Simons forms one easily derives the following
explicit expressions:

1 2
cs1(A) = A; cs3(A) = 3 (AdA + gA?’) :
! 2, 3 2, 343 3 45
cs5(A) = 5 | A(dA)* + —AdAA" + —A°dA+ - A° ).

3 4 4 5
These are well-known expressions from the physics literature (cf. [76, Section 11.5.2]).
3.4 Expansion of the spectral action in terms of

(b, B)-cocycles

In this section we prove our main theorem, which is stated as follows.

Theorem 3.4.1. Let (A, H, D) be an s-summable spectral triple, and let f € EJ for v €
(0,1). The spectral action fluctuated by V = mp(A) € QL (A)sa can be written as

T(f(D+V) - £(D)) = < |

k=1

where the series converges absolutely.
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We prove this theorem in two steps. Firstly, we deal with the algebraic part of this
statement, in §3.4.1. Here we only need to assume f € W for a finite n € N. Secondly, in
§3.4.2, we tackle the analytical part. We there obtain a strong estimate on the remainder
of the above expansion in Theorem 3.4.7 for a function f € & for general v € (0,1]. This
estimate will imply that the conclusion of Theorem 3.4.1 still holds in the case of v = 1,
when the perturbation V is sufficiently small. When f € & for v € (0, 1), the expansion
follows for all perturbations, and thus we prove Theorem 3.4.1.

3.4.1 Asymptotic expansion

Let K €N, f € WK and V = mp(A4) € Qb (A)sa. We prove an asymptotic (or, one might
say, truncated) version of Theorem 3.4.1, showing that the fluctuation of the spectral action
can be expressed in terms of Chern—Simons and Yang—Mills forms, up to a remainder which
involves forms of degree higher than K. To enumerate the remainder forms we use the index
set

P
v+w+{fJ<K,
Tk =1 (v,w,p) € J] (Nox N™1) x N x N, ool 15

meNg 2|1)| + |’LU| +p> K

(3.17)

A good first step is made by the following proposition.

Proposition 3.4.2. We have the asymptotic expansion
oo 1
Te(f(D+ V) — f(D)) NZ/ <c52k,1(A) +/ AFf‘ltAdt>,
k=1"9 0

by which we mean that we can write the K™ remainder of this expansion as

Te(f(D+V)— f(D)) — é/d) <cszk,1(A) + /01 AFF1tA dt>

D+V,D,....D
=Tr <Tf[;+i] (V7 ey V))

1
> / AAP(dA) - AP0 (dA) " AP,
200 + Jw|+p+1 Jy

(v,w,p)€TK

where Ty, defined by (3.17), satisfies |Tr| < 25+, and where f € W2K.

Proof. We start with the 2x2 matrix equation from Corollary 3.3.10 and separate the 1-forms
A from the two-forms dA. The n-th term in the Taylor expansion of Tr(f(D + V)) is given
(by use of (3.12) and Corollary 3.3.10) by

e aoew| =t Lo (3 2D+ ) ()

1

=1 /¢ (A 0)(aA+ A" (é)

n

:% / Act (@A + BdAY™ ey (3.18)
Jé

for some scalar-valued 2x2 matrices a and (3, and e; = ((1)) The a’s and [3’s have very nice

algebraic properties, which can be used to regroup the terms in the expansion in n. When
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summing (3.18) from n = 1 to infinity, and grouping the universal forms by their degree as in
Example 3.3.11, we need some machinery to keep track of the coefficient 1/n. We will work
in the space of (ﬁnite? polynomials Ma(Q2°(A))[t], and define an integration with respect to
t as the linear map [, dt : Ma(Q*(A))[t] = Ma(Q°(A)) given by integration of polynomials.
We thus obtain

1 d'll
nl den

Tr(f(DthV))‘ :/01dtt”‘l/(tAe’i(aA+ﬁdA)”‘161

1
:/ dt/Aeﬁ(atAJrﬂtdA)"*lel. (3.19)
o Je

We now expand the (n — 1)-th power, which is complicated because o and 5 do not
commute. To avoid notational clutter, let us denote X :=tA and Y := tdA. We find

2541
etl (O{X + /))Y)n7161 _ Z Z eii (avl ﬁwl L a”’“ﬂ“”“a”)el XUIYWL ... XUy Wk XP.

k=0 v12>0, va,...,vp>1
wi,...,w>1, p>0

[v|+|w|+p=n—1
(3.20)
We can summarize the identities involving o and g that we will use as
o =1 8= B; Baf =0; ei(@)er = 1;
et (aBa)e; = 0; e (aB)e; = 0; e (Ba)e; = 1; et (Ber = 1.
From these identities follow the following two remarks:
e If £ > 2 and v; is odd for a certain ¢ € {2,...,k}, then somewhere in the string
Q1w ..V BWkaP a factor faf = 0 occurs, so in particular
et (a1 B - vk Bk aP)ey = 0.
e If vy is odd and vy, ..., v, are all even, then
el (a1 Bt ... v fWkaP)e; = e (afaP)e; = 0.
Therefore, for all k& > 0, we conclude that in (3.20) only terms remain in which vy,..., v
are even. In fact, we find
M1
e (aX 4+ pY) e = Z Z e (a1 Bt .-k BWEaP)e; XYWL .. X URY W XP
k=0 v1€2Np,
V2., E2N

Wi, wp>1, p>0,
[v|4+|w]+p=n—1

ol
B Z eﬁ (Bap)el XUyWwt. .. XVkYy Wk XP

k=0 v1€2Np, va,...,vE2N
wi,...,wp>1, p>0,
[v]+|w]+p=n—1

2514
=3 T (XYY (XYY X,
k=0 v12>0, va...,u.>1,

wi,...,wp>1, p>0,
2|v|+|w]+p=n—1
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Summing this from n = 1 to K, we can write

HaX +BY)" ey = ) (XY™ (X?)my™mXP, (3.21)

(v,w,p)E€PK

1>
(o)

where Py is the set of (v,w,p) € [],,(No x N™~1) x N™ x Ny such that 2jv| +w+p < K. In
this last expression we can almost recognize an expansion of (X2 4 Y)’“*1 = Ftk_l. Indeed,
we have

K
DXV a4X) = D (XY (XY X, (3.22)
k=1 (v,w,p)ESK

where Sk is the set of (v,w,p) € [],,(No x N™~1) x N™ x Ny such that [v|+ |w|+ |5] < K.
By (3.22) we have |Sk| < 2K+, By using Tx = Si \ Pr, we can combine (3.19), (3.21) and
(3.22), and obtain

K n K 1
Z%%Tr(f(DthV)))t:O*ZAA AFFY(1 4 tA) dt
k=1

1
v AAQvl dA wl...AQUm dA)Y™ AP, 3.23
> 2\v\+|w|+P+1/¢ o “ o
(v,w,p)€Tk

Together with (1.13), and the definition (3.16) of csgx—1(A), (3.23) implies the proposition.
O

We will now state the asymptotic version of our main result, and spend the rest of §3.4.1
to prove this version.

Theorem 3.4.3. For every k € N we have

! 1
/(CSQk,l(A)—I—/ AFtk_ltAdt> :/ csok—1(A) + — / F*.
¢ 0 Pak—1 2k (N

Therefore, with the same remainder term as in Proposition 3.4.2, we have

oo

TP V)10 ~ 3 ( /w s (A) + o /¢ } Fk)

2k—1

The Chern—-Simons term in Proposition 3.4.2, integrated along ¢, yields the correct
Chern—-Simons term integrated along 1, plus an additional term. Indeed, recall that ¢o_1 =
Yor_1 + %ng{)gk so that we find

/ AFF 4 / tAFF1A
P2k—1 P2k—1

= / AR 4 / (}d(AFtk’l)thAFf*lA)
Pak—1 P2k 2

1
_ / AFFT 4 L / (dAF}' 4 tA2FF1 4 tAFF1A),
Pak—1 2 ok
where we used the repeated Bianchi identity d(Fk L =—[A, F ] in going to the last line.
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We arrive at the following formula:

Te(f(D+V) - f(D))

o0 1 1
~> / csop_1(A) + = / dt / (dAFF=' +t A2 FF=1 tAFF1A) ).
Yok—1 2 Jo P2k

k=1

We are now to show that the second term, namely

1 1

Y My, === / dt / (dAFF~Y +tA2FF1 +tAFF1A)
2 Jo 2k
1
1
- / dt o / (dAFF" + AZFF' 4 A FF1A)),
0 b2k

equals ;—k / . FE. After some rearrangement we can use Corollary 3.3.13(ii), to find

Loy I
YMk:/ dt — (dAt+2A?)Ff‘1+/ dt—/ <AtFtk_1At—A?Ftk_1)
0 2t Jgon, 0 2t S

L LS|
:/ dt — (dAt+2A§)Ft’“*1—/ dt—/ d(AZFF1). (3.24)
0 2t Pok 0 2t Pak41

We will first show that the second term of (3.24) vanishes. We use the following rule, which
allows us to replace the integrand by a form which is two degrees lower.

Lemma 3.4.4. For every m > 0, we have

/ (A2 = - / (d(AZE) + dAd(EP))
Jbpam+3 b2m+1

Proof. We use the definition of Fy, the repeated Bianchi identity d(F}") = [F]", As], and
subsequently Proposition 3.3.12, to obtain

/ d(AZFT) = / (d(FFPY) - d(dAFm )
P2m41

P2m+1

[t - )
Pom41

= / (F™M A, — ALE™) — / dAd(E™Y)
P2m+1 b2m+1

= / Ad(F™) — / dAwd(F™h)
Dam+2 P2m+1

- / (ALF™ Ay — ATF™) — / dAwd(F™h).
D2m+2

d2m+1

Applying Corollary 3.3.13(ii) to the first term gives

[awrry—— [ awern- [ asaEe,
d2m+1 P2m+3 P2m+1

which implies the lemma. O

We obtain the following result.
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Lemma 3.4.5. For every m > 0, we have

/ d(AZF™) = 0.
P2m+3

Proof. This is easily checked when m = 0, and when m = 1, it follows from Lemma 3.4.4.
If m > 2, we apply Lemma 3.4.4 twice, and find

/ d(AZFm) = — / d(AZEL) / dAd(F)
Gom+3 Pom41

D2m+1

= / d(AZF™2) + / dAd(Fm=2) — / dAd(Fm1).
Pam—1

2m—1 P2m+1

We recognize Fy = A? + dA, in the first two terms above, so by the Bianchi identity we
obtain

/¢[ ‘d(A?th):/ d(thfl)_‘/ dEP

2m—1 b2m+1

:/ (Fmta, — A Fm —/ dAd(Fmh).

2m—1 b2m+1

By Corollary 3.3.13(iii), the Bianchi identity, and Corollary 3.3.13(i), this gives

[ awrn = [ aErha
b2m+3 b2m

:/ (th71A§ - AtthilAt)
2m
=/, (AFF"1 — A F Ay,
2m
We apply Corollary 3.3.13(ii), to find

[ asEn= [ aaze,
b2m+3 b2m+1

By induction, it follows that [ A d(A2F™) = 0 for all m. O

By the above Lemma, only the first term of (3.24) remains, namely,

1 1 1
Y My = / L / (dA, + 242 = / dt / (LdA + tA%)EF. (3.25)
0 2t P2k 0 2k

To express Y Mj, in an even simpler form, we now remove the integral over ¢, which is possible
by the following lemma.

Lemma 3.4.6. We have

1
1
/ at | (3dA+tAH)FfT == [ F*
0 P2k 2k Joy,

Proof. Recall that °(A)[t] is the space of polynomials with coefficients in the algebra Q°(.A).
The linear map % : Q*(A)[t] — Q*(A)[t] is defined by 4(t"B) := nt" !B for B € Q*(A),
and satisfies the Leibniz rule. Therefore,

d d

d _ d B B
E(Ftk) = %(Ft)Ftk L+ Ft%(Ft)Ftk 4.+ Ff 1%(Ft).
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Both F; and %(Ft) are 2-forms, so, after a few applications of Corollary 3.3.13(i), we arrive

at
d
—(FF) = / —(F)FF1 = k/ (dA + 2t A% FFL.
/¢2k et P2k dt ok !

The fundamental theorem of calculus (for polynomials) gives

1
/dt/ (dA +2tA*)FF1 = / /dt Ft)—f/ (Ffng)zf/ P,
2k ok dt b2k k 2k

from which the lemma follows. O

Proof of Theorem 3.4.3. Applying Lemma 3.4.6 to our earlier expression for Y M}, (equation
(3.25)), we find that

1
YM, = — F*.
P2k
We therefore obtain the desired asymptotic expansion. O

3.4.2 Convergence

We prove a strong bound on the asymptotic expansion given by Theorem 3.4.3, in particular
giving sufficient conditions for the series to converge, effectively replacing ~ by =. A crucial
ingredient is Lemma 3.2.1.

Theorem 3.4.7. Let (A, H,D) be an s-summable spectral triple, let n € N, and fix [ €
&J for v € (0,1]. Thfan th‘ere evists Cpsnn such that, for A = 370 a;db; and V =
S 451D, b5) self-adjoint with lagll, 1631, 1D, asl I, 1D, byl < R, we have

K
1
Tr(f(D+V) = f(D) =Y (/ csop-1(A) + Qk/ Fk)
1 k-1 P2
< (Crona) max(R¥T2 RAEA2E25) Ty (D — )% (3:26)
S TR ’ ’ ‘

for all K € Ng. Moreover, we have

/ CS9f— 1 ‘/ Fk
Pok—1 27

Proof. Theorem 3.4.3 gives

K 1
Tr(f(D-i-V)—f(D))_;(/d) cszk1(A)+2k/¢2ka)

2k—1

(C]g‘j””) max(R*, R*) Tr |(D —i)~|.

D+V,D,.. ,D
e

(3.27)

/ AAP(dA) - AP (dA) O AP

(v,w, p)eTK

We first focus on the first term. Lemma 3.2.1 gives a C' > 1 such that

-
CK+1 K+1
< > T s, D, b, I+ [V Te (D =)~
Jisendk+1€{L,n} m=1
CK+ K+l 2K+2 N\ —8
S g BTTAH VI T - 4)7,
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for all K € Ng. We conclude that there exists C ., such that

K+
D+V,D,....D 18,1y < o —
HTf“j”] v,.. .,V)H1 < ﬁmax(}g%w’}zwﬁﬁs)Tr|(D —i)).

We now move on to the second term (the finite sum) on the right-hand side of (3.27). It
contains terms of the form
‘ / Bi---Bu
®

for Bi,..., By € {a;jdb;,dadb; : j € {1,...,n}}. Let [ be the degree of By --- B)ys. By the
definition of Tk (equation (3.17)) K +1 <1 <2K +1and K +1< M < 2K + 1. By using
the Leibniz rule repeatedly, we can write

/Bl~"BM:Z/EO,jdel,j"'delvj’
é ¢

jeJ

)

for a set J with |J| < 3M < 32K%1 and ¢; ; € A such that e - e, = Hﬁf:l a;,,b;.,. We

get
'/Bl"'BAI
@

< Zl/eo,jdel,j“'del,jl

jes 7o
= ldileos - er))]
jeJ
l
<D IT(TR(Ds e, (D el eo[Ds e, [Dyeal, ..., [Deia])], (3.28)
jed i=1

where we suppressed the index j for readability. We now apply Lemma 3.2.1 with V' =0 to
(3.28) and obtain

!
‘/Bl...BM <ICHHITEY " leol| (H||[D,e,-]u)T&«\(D—i)ﬂ,
Jb jeJ i=1
for a constant C' > 1. Because we have ||a;||, [|b;], [[[D,a;]||,||[D,b;]|| < R by assumption,

and eg---e; = [TM_, aj,.bj,., with K +1 < M < 2K + 1, we find

'/Bl.,.BM
¢

< él+ll!'y—1 ZRQM Tr ‘(D o Z-)—s‘

JjeJ
< CVK+1|J|K!7—1 max(RZKH, R4K+2) Tr |(D _ i)fs|
< CVK+1K!'V—1 max(R2K+27 R4K+2) Tr |(D _ i)is|.

We can now bound the second term on the right-hand side of (3.27). We use that |Tx| <
2K+1 "and that n™ < (n?)X+1, to find

>

(v,w,p)€T
S 2K+1 (17,2)K+1CVK+1K!771 maX(R2K+2, R4K+2) Tr ‘(D o i)fs‘

< Cf KD max(RF? RY2) Tr (D — i) 0.

/ AAQm (dA)wl . A2vm (dA)wmAp
®
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Combining the first and second term of (3.27), we obtain a number Cj,, , such that (3.26)
holds.
Moving on to the last claim of the theorem, we notice that, because o1 = ¢or—1 —

1 Bodor,
/ CSQk_l(A)
Pak—1

where the sum is over certain e; ; € A (because A is unital) with eg j--- ¢, j = Hf,g:l a;j,,bj.,
for some M with k& < M < 2k — 1. The number of elements in J is exponential in k. We

obtain
‘/ CSok—1 (A)
Pak—1

for some number C ., > 1. Similarly, we obtain a number C‘f,s,,w > 1 such that

L

thereby proving the theorem. O

<.

jeJ

/ eoderj---dey ;i

< CF g ok max (R R 2) Ty [(D — i) %),

EV Y max(R%*, R¥) Tr|(D — i) 7%,

Ak
< Cy

58,1y

This theorem has two important consequences; for f € £ (hence, for all f € &) we
obtain the following corollary, and for f € £, v < 1 we obtain our main theorem.

Corollary 3.4.8. Let (A,H,D) be an s-summable spectral triple, let f € E} and V =
7p(A) € QL (A)sa. Then there exists a 6 > 0 such that for all t € R with |t| < §, we have

oo

Te(f(D+1V) ~ f(D) =Y ( /w ow(tA) + o ) F) 7

k=1
and the series converges absolutely.
Proof. Write V' = 377, a;[D, b;]. First take Cy 51 > 1 from Theorem 3.4.7, define R :=

1/(Cfsn1 + 1) such that Cps 1R < 1, and define § :=
Writing

( f ]
max; {{laz [, 165 [L1D.as 1L 1[D 6511} )

W= Z Vtla;[D, sign(t)\/|t]b;],

the corollary follows by applying (the first and second part of) Theorem 3.4.7 to ¢tV instead
of V. O

Proof of Theorem 3.4.1. This follows from Theorem 3.4.7 by taking v < 1. O

3.5 Gauge invariance and the pairing with K-theory

Since the spectral action is a spectral invariant, it is in particular invariant under conjugation
of D by a unitary U € A. More generally, in the presence of an inner fluctuation we find
that the spectral action is invariant under the transformation

D+V = UD+VU*=D+VY;,  VY=U[DU]+UVU".

This transformation also holds at the level of the universal forms, with a gauge transforma-
tion of the form A + AV = UdU*+UAU*. Let us analyze the behavior of the Chern-Simons
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and Yang-Mills terms appearing in Theorem 3.4.1 under this gauge transformation, and de-
rive an interesting consequence for the pairing between the odd (b, B)-cocycle ¢ with the
odd K-theory group of A.

Lemma 3.5.1. The Yang-Mills terms fdm F* with F = dA 4+ A? are invariant under the
gauge transformation A — AU for every k > 1.

Proof. Since the curvature of AV is simply given by UFU*, the claim follows from Corollary
3.3.13(i). O

We are thus led to the conclusion that the Chern—Simons forms are gauge invariant as
well. Indeed, arguing as in [30], since both Tr(f(D + V)) and the Yang-Mills terms are
invariant under V — VY, we find that, under the assumptions stated in Theorem 3.4.1:

oo

Z/ csopt1(AY) =
k=0 Y Y2k+1

[ee]

Z/ CS2k+1 (A)
Pak41

k=0

Each individual Chern—Simons form behaves non-trivially under a gauge transformation.
Nevertheless, it turns out that we can conclude, just as in [30], that the pairing of the whole
(b, B)-cocycle with K-theory is trivial. Since the (b, B)-cocycle 1) is given as an infinite
sequence, we should first carefully study the analytical behavior of 1; In fact, we should
show that it is an entire cyclic cocycle in the sense of [26] (see also [27, Section IV.7.a]).
For this purpose, we can without loss of generality assume that A is complete in the Banach

algebra norm defined by |lall1 = |la| + ||[D,d]||, because (Z”‘”ﬂ’;’-LD) is also a spectral
triple, and the resulting Yops1 € C%“(ﬁu'ul) is an extension of the one in C?*+1(A). Recall
that for Banach algebras .4 an odd cochain such as v is called entire if the power series
Dok (2]“]:?1)! [ hors 12" converges everywhere in C. This is equivalent [27, Remark IV.7.7a,c]
to the condition that for any bounded subset ¥ C A there exists a constant Cy, such that

- C
Yor+1(ao, - - -, aop41)| < ]72 (Va; € ¥).

In our case it turns out that Lemma 3.2.1 implies the following growth condition, guaran-

teeing that indeed 1) is entire.

Lemma 3.5.2. Fiz f € & for v < 1 and equip A with the norm |ally = |al| + ||[D,d]|.
Then, for any bounded subset ¥ C A there exists Cyx, such that

~ C
Yok+1(a0; - -+, A2k1)| < ??,
for all a; € X.

Proof. Assume that ||a || < R for all a; € ¥ so that both ||a;|,||[D, a;]|| < R. By definition
of ¢, the expression ¥ox+1(ao, . . . , agk+1) is given by a linear combination of multiple operator
integrals with arguments in {V € B(H) : |V]| < R} except for ag[D, a;], which is bounded
by R2. By applying Lemma 3.2.1, we obtain the estimate

242 2%+3 - .
[or11(ao, . .., azry1)| < <(2k + 1)m + (k+ 1)W>R D =)
(3.29)
We recall from Proposition 3.3.8 that
. !
Yopt1 = (_l)km¢2k+h (3.30)
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so that (3.29) in particular implies the lemma by use of, for instance, Stirling’s approxima-
tion. O

For U € My(A), define a pairing

(U, 9) = 2mi) 2 " (~1)Fklg, (U, U,... .U, U), (3.31)
k=0
where
T;gkﬂ o= Tr#dogs1 © (o ® o, - . -, fagr1 @ azer1) = Tr(o - o1 o1 (ao, - ., askr1)

for pig, ..., pog41 € My(C) and ag, . .., agk41 € A. Since 1/; is a (b, B)-cocycle, it follows from
(27, Corollary IV.7.27] (see also [27, Sections II1.3 and IV.7]) that this pairing only depends
on the class of U in Ki(A). We now prove an interesting consequence of our main theorem.

Theorem 3.5.3. Let f € & for v < 1. Then the pairing of the odd entire cyclic cocycle v
with K1(A) is trivial, i.e.

(U)=0
for all unitary U € My(A).

Proof. Apply Theorem 3.4.1 to a bigger spectral triple, namely (A%, H?, D9) := (M4(C) ®
A,C1®H, I, ® D). Take A = U*dU for U unitary in My(A) = My(C) @ A. Clearly, then
V = U*[D?,U], and because the multiple operator integral behaves naturally with respect
to tensor products, we obtain

> 1
Tr(f(DY+ U*[D?,U]) — f(D?)) = 3 U*du) + FrL)
(f( [D7,U)) - £(DY)) ;}(/%cmm )+ 33 /¢ )

where F' = d(U*dU) + (U*dU)? = 0. The left-hand side equals Tr(f(U*DU) — f(D?)) = 0.

Therefore,
Z/ esopp1 (UFdU) = 0. (3.32)
k=0 wgkﬂ
From the definition of the Chern—Simons form (Definition 3.3.14) and the fact that Fy =
tdA + 12 A% = (t — t2)dA + t2F = (t — t*)dU*dU we find that
1
s 1 (UFdU) = / dt (t — tH*U*dudUu*du - - - dU*dU,
0

so that by a straightforward integration we may conclude that

/q CSzk+1(U dU) - m¢gk+1(U U, ..U 7U)-
w2k+l
Combining this with (3.30), (3.31) and (3.32), the theorem follows. O
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3.6 One-loop corrections to the spectral action

As alast application of the expansion obtained in Section 3.4, in this section we will show how
the asymptotic expansion allows us to formulate a quantum version of the spectral action.
To do this, we must first interpret the spectral action, expanded in terms of generalized
Chern—Simons and Yang—Mills actions by Theorem 3.4.1, as a classical action, which leads us
naturally to a noncommutative geometric notion of a vertex. Enhanced with a spectral gauge
propagator derived from the formalism of random matrices (and in particular, random finite
noncommutative geometries) this gives us a concept of one-loop counterterms and a proposal
for a one-loop quantum effective spectral action, without leaving the spectral framework. We
will show here that, at least in a finite-dimensional setting, these counterterms can again be
written as Chern—Simons and Yang-Mills forms integrated over (quantum corrected) cyclic
cocycles. We therefore discern a renormalization flow in the space of cyclic cocycles.

3.6.1 Conventions

We let @1, p2,... be an orthonormal basis of eigenvectors of D, with corresponding eigen-
values A1, Ag,.... For any N € N, we define

Hy := (Mn)sa, My :=span{|g;){(p;j|: i, €{1,...,N}},

and endow Hpy with the Lebesgue measure on the coordinates @@ — Re(Q;) (i < j) and
Q — Im(Qi5) (i < 7). Here and in the following, Q;; := (i, Qp;) are the matrix elements of
Q. For simplicity, we will assume that the perturbations Vi, ...,V are in Ux Hx . Of course,
as explained in Section 1.1, we would like to eventually consider noncompact perturbations
as well. This would be a challenging analytic endeavor and will not be pursued here, but we
note that the techniques developed in Chapter 1 might provide essential help.

For us, a Feynman diagram is a finite multigraph with a number of marked vertices of
degree 1 called external vertices, all other vertices being called internal vertices or, by abuse
of terminology, vertices. An edge, sometimes called a propagator, is called external if it
connects to an external vertex, and internal otherwise. The external vertices are simply
places for the external edges to attach to, and are often left out of the discussion. An n-
point diagram is a Feynman diagram with n external edges. A Feynman diagram is called
one-particle-irreducible if any multigraph obtained by removing one of the internal edges is
connected.

3.6.2 Diagrammatic expansion of the spectral action

Viewing the spectral action as a classical action, and following the background field method,
the vertices of degree n in the corresponding quantum theory should correspond to n*-order
functional derivatives of the spectral action. However, in the paradigm of noncommutative
geometry, a base manifold is absent, and functional derivatives do not exist in the local
sense. Therefore, a more abstract notion of a vertex is needed. The brackets (-) that power
the expansion of the spectral action in Theorems 3.4.1 and 3.4.3 are by construction cyclic
and multilinear extensions of the derivatives of the spectral action, and as such provide an
appropriate notion of noncommutative vertices. We define a noncommutative vertex with
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Vi,..., Vi, € Ux Hg on the external edges by

Va Vs

= (Vi,...,Vy). (3.33)

Vi

In contrast to a normal vertex of a Feynman diagram, a noncommutative vertex is dec-
orated with a cyclic order on the edges incident to it. By convention, the edges are attached
clockwise with respect to this cyclic order. As such, with perturbations Vi, ..., V,, decorating
the external edges, the diagram (3.33) reflects the cyclicity of the bracket: (Vi,...,V},) =
(Va, Vi,..., V1), the first property of Lemma 3.3.3. In order to diagramatically represent
the second property of Lemma 3.3.3 as well, we introduce the following notation. Wherever
a gauge edge meets a noncommutative vertex we can insert a dashed line decorated with an
element a € A before or after the gauge edge, with the following meaning:

a Vv aV Vo a Va
\\ g = é ’ % / = %
\ ]
\ | N

With this notation, the equation
(aVi,..., Vo) — (Vi, oo, Via) = (V.. Vi, [D, a)), (3.34)
is represented as
a a (D, al
\ — ! = , (3.35)

and is as such referred to as the Ward identity. The examples in the next subsection will
serve to explain the power of this diagrammatic notation.

3.6.2.1 Expansions for arbitrary brackets

We recall that, whenever V € B(H) and f € & % we have

Te(f(D+ V) — f(D)) :Z#V,...,V}. (3.36)

n=1 "

We can generalize the spectral action by taking the right-hand side of (3.36) as our starting
point, and replacing the bracket (-) by a more abstract version, denoted <->. The following
proposition shows that the algebraic results of Sections 3.3 and 3.4 continue to hold in this
general situation.

Proposition 3.6.1. Let <> denote a collection of functions B(H)*™ — R, n € N, satisfing
(I) <Vl,~-~7Vn> = <anvla~~~>vnfl>7

(I1) <aVi,....Vj, ..., Vi = <Vi,... Var = <VA, . Ve, [Dyal -
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(¢f. Lemma 3.3.3). Define

¢n(a07 ceey an) = ‘<a0[D7 alL [D7 a2]> LR [D> an} >~ Q:bn = ¢n - %Bod)nJrl?
and oy = (=1)F! Qkk 11))'v¢2k 1+ Then (31,%3,...) and (¢, ¢y, ...) are (b, B)-cocycles.
Moreover, for A € Ql(A) = mp(A), we asymptotically have
Zn<va7v>'wz</ CSof— 1(A)+2k5/ F>7
n=1 k=1 \Y%2r-1 P

in the sense that, for every K € N, there exist forms w; € Q' (A) forl =K +1,...,2K +1
such that

K K
Stcvvr 3 (f ek [ #)-

Proof. The first statement follows by following step by step the arguments in §3.3.2, namely
the proofs of Lemmas 3.3.6 and 3.3.7 and Proposition 3.3.8. The second statement follows
by carefully walking through the proofs of Proposition 3.4.2 and Theorem 3.4.3. (]

2K+1

>

I=K+1

The above proposition realizes explicitly that any bracket satisfying (I) and (IT) defines
cyclic cocycles that, when evaluated at the respective Chern—Simons and Yang-Mills forms,
give an asymptotic expansion of the spectral action as in Theorem 3.4.3. Because the
properties (I) and (II) can be expressed diagrammatically, we conclude that there exists
diagrammatic proofs of the algebraic results of Sections 3.3 and 3.4.

To illustrate, let us give the relevant lower order computations. The cyclic cocycles are
expressed in terms of diagrams as

[D,a*] [D,a”
/ da' - da" = (D, a'] D, ). (3.37)
Pn

D, a"]

For one external edge we find, writing A = > ; ajdb; and suppressing summation over j,

(I,ijJ
W) = (Db = P / (3.38)

For two external edges, we apply the Ward identity (3.35) and derive

a;r
,
/

aj[D, b;] WW@KN/W[D,bj/]

a;r

v.v)

N [D> a]"]

aj[D, bj] MA\A\@AW[D@'] + Db WéW[D.,bj/]

:/ A2+/ AdA.
2 3
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3.6.2.2 The propagator

An important part of the quantization process introduced here is to find a mathematical
formulation for the propagator. In other words, we need to introduce more general diagrams
than the one-vertex diagram in (3.33), and assign each an amplitude. As usual in quantum
field theory, the amplitudes depend on a cutoff N and are possibly divergent as N — co.

What we will call a noncommutative Feynman diagram (or, for brevity, a diagram) is
a Feynman diagram in which every internal vertex v is decorated with a cyclic order on
the edges incident to v. These decorated vertices are what we call the noncommutative
vertices, and are denoted as in (3.33). The edges of a diagram are always drawn as wavy
lines. They are sometimes called gauge edges to distinguish them from any dashed lines in
the diagram, which do not represent physical particles, but are simply notation. The loop
order is defined to be L :=1—V + E, where V is the amount of (noncommutative) vertices
and F is the amount of (gauge) edges. We also say the noncommutative Feynman diagram
is L-loop, e.g., the noncommutative Feynman diagram in (3.33) is zero-loop. When the
respective multigraph is planar, L corresponds to the number of internal faces. Following
physics terminology, these faces are referred to as loops. As usual for Feynman diagrams,
the external edges are marked, say by the numbers 1,...,n.

Note that, by our definition, a noncommutative Feynman diagram is almost the same as
a ribbon graph, the sole difference being that ribbons are sensitive to twisting, whereas our
edges are not.

Each nontrivial noncommutative Feynman diagram will be assigned an amplitude, as
follows. Here nontrivial means that every connected component contains at least one vertex
with nonzero degree.

Definition 3.6.2. Let N € N and let f € C*™ satisfy (f)"(\i, A;) > 0 fori,j < N. Given
a nontrivial n-point noncommutative Feynman diagram G with external vertices marked by
1,...,n, its amplitude at level N € N on the gauge fields Vi,...,V, € UxHg is denoted
F%(Vh ..., V), and is defined recursively as follows. When G has precisely one vertex and
the markings 1, ..., n respect its cyclic order, we set F]C\’}(Vl, coy Vi) = (W1, ..., V). Suppose
the amplitudes of diagrams G1 and Gy with external edges 1,...,n and n+ 1,...,m are
defined. Then to the disjoint union G of the diagrams we assign the amplitude

TRWVis e Vi) =T (Ve V) TR (Vi - Vi)

Suppose the amplitude of a diagram G is defined. Then, for any two distinct numbers i,j €
{1,...,n}, let G’ be the diagram obtained from G by connecting the two external edges i and
J by a gauge edge (a propagator). We then define the amplitude of G' as

i J 1
) . . TSV, Qu Q. Ve 29 Qg0
F%(%v"w%a"w‘/‘jw'wvn)::_fHN N( : 1 ) .
fHN e*g(Q,Q)dQ

Well-definedness is a straightforward consequence of Fubini’s theorem. Note that, in
general, FJC\‘Y, is not cyclic in its arguments, as was the case in (3.33).

The assumption that (f/)M(\;, Aj) > 0 for 4,7 < N can be accomplished by allowing f
to be unbounded, and replacing the spectral action

Tr(f(D))

with the regularized version

Tr(fn(D))
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Figure 3.1: Constructing the propagator.

where fy := f®y for a sequence of bump functions @y (N € N) that are 1 on {\; : k < N}.
As quantization takes place on the finite level (for a finite N), it is natural to also regularize
the classical action before we quantize. Because we can now easily require

PO ) = (M O, M) > 0,

for all k,l < N, Definition 3.6.2 makes sense and can be studied by Gaussian integration as
in [6, Section 2].

3.6.3 Loop corrections to the spectral action

To obtain the propagator, we have chosen the approach of random noncommutative geomet-
ries (as done in [4, 60], see [5, 44] for computer simulations) in the sense that the integrated
space in Definition 3.6.2 is the whole of Hy. Other approaches are conceivable by replacing
Hy by a subspace of gauge fields particular to the gauge theory under consideration, but
this should also take into account gauge fixing, and will quickly become very involved.

In our case, the propagator becomes quite simple, and can be explicitly expressed by the
following result.

Lemma 3.6.3. Let f € C™ satisfy (f )M\, N1) > 0 for k,l < N. For k,l,m,n €
{1,..., N}, we have

1
ity QuiQmne2'99dQ
1
fHN e—Q(QﬁQ)dQ

= OknOim Gt
in terms Of le = m

Proof. By (1.19) we have the finite sum

(@Q.Q) =>_(FNM M) (Re(Qr))? + (Im(Qw))?)

k,l

for all Q € Hy. Moreover, we have
QuQune 2 2dQ = | (Re(Qr)Re(Qmn) — Im(Qp)Im(Qun))e” 29 dQ
Hy Hy

The second integral on the right-hand side vanishes because its integrand is an odd function
in at least one of the coordinates of Hy. The same holds for the first integral whenever
{k,1} # {m,n}. Otherwise, we use that Re(Qi) = Re(Qw) and Im(Qi) = —Im(Qx)
and see that the two terms of the first integral cancel when & = m and [ = n. When
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k =n # [ = m, we instead find that these terms give the same result when integrated. By
using symmetry of (f’ )[1] and integrating out all trivial coordinates, we obtain

Ji1, QuiQune™ 2@ dQ 55 2 [ (Re(Q)) e~ U k) (Re(@0))* dRe Qi)
[poe3@@ag T e TR A Re@Qu) dRe(Qu) ’
N

a Gaussian integral that gives the Gy; required by the lemma. When k =1 = n = m, the
result follows similarly. |

The above lemma allows us to leave out all integrals from the subsequent computations.
In place of those integrals, we use the following notation.

Definition 3.6.4. We define, with slight abuse of notation,

|
le an = 6kn6lmle7

and refer to Gy as the propagator.

As an example and to fix terminology, we will now compute the amplitudes of the three
most basic one-loop diagrams with two external edges. These are given in Figure 3.2. Using
Lemma 3.6.3 and Definition 3.6.4, we find the amplitude for the first diagram to be

WW Z (f [2] )‘27/\]»/\16)(‘/1)23 ]kaz(f) (/\lv)‘m7)‘n)(‘/2)lQOnin

W7,k
m,nSN

= > (B0 ) ) O M ) (V)i (V)i (Ga)®. (3.39)

i k<N

As V; and Vs are assumed of finite rank, the above expression converges as N — co. To see
this explicitly, let K be such that Vi, Vs € Hg, and let G be the diagram on the left-hand
side of (3.39). We then obtain

hm r$(Vi, V) = Z YO0 Ny M) (PO, My M) (V)i (Va) ek (Gl )2, (3.40)
i, k<K

a finite number. In general we can say that if all summed indices of an amplitude occur in
a matrix element of any of the perturbations (e.g., (V1) and (V2)gx) then the amplitude
remains finite even when the size N of the random matrices @ is sent to oo. In physics
terminology, the first diagram in Figure 3.2 is irrelevant, and can be disregarded for renor-
malization purposes.

We then turn to the second diagram in Figure 3.2, and compute

Vin@ DV = 30 00 A QR () Ot A An) (V)i Quun @

.5,k
m,n<N

= > PG A M) (V)i (Va) ;G G- (3.41)
4,7,k<N

This diagram is planar, and the indices i, j, k correspond to regions in the plane, assuming
the external edges are regarded to stretch out to infinity. The index k corresponds to the
region within the loop, and is called a running loop index. As the index k is not restricted
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0 g O

Figure 3.2: Two-point diagrams with one loop. The first one is irrelevant, the second and
third are relevant.

by V1 and V5 as in (3.39), we find that in general the amplitude (3.41) diverges as N — oo.
In physical terms, this is a relevant diagram.
The amplitude of the final diagram becomes

N\ [3
== (B O, Ady A M) (V2)55Q 51 Qua (Va i
Vi Va LRI<N

= > BN A M) (V)i (V)G (3.42)
i,5,k<N

Again, this amplitude contains a running loop index and is therefore potentially divergent
in the limit N — oo.

3.6.3.1 Omne-loop counterterms to the spectral action

Because we are interested in the behavior of the one-loop quantum effective spectral action
as N — oo, we wish to consider only one-loop noncommutative Feynman diagrams whose
amplitudes involve a running loop index. For example, the final two diagrams in Figure 3.2,
but not the first.

As dictated by the background field method, in order to obtain a quantum effective
action we should further restrict to one-particle-irreducible diagrams whose vertices have
degree > 3.

Let us fix a one-loop one-particle-irreducible diagram G in which all vertices have degree
> 3, and investigate whether the amplitude of G contains a running loop index. Fix a
noncommutative vertex v in GG. The vertex v will have precisely two incident edges that
belong to the loop of the diagram, and at least one external edge. Each index associated
with v is associated specifically with two incident edges of v. If one of these edges is external,
the index will not run, because it will be fixed by the gauge field attached. A running index
can only occur if the two incident loop edges of v succeed one another, and the index is placed
in between them. The latter of these two loop edges will attach to another noncommutative
vertex, w, and the possibly running index will also be associated with the succeeding edge
in w, which also has to be a loop edge if the index is to run. This process may continue
throughout the loop until we end up at the original vertex v. By this argument, the amplitude
of G will contain a running loop index if and only if G can be drawn in a plane with all
noncommutative vertices oriented clockwise and all external edges extending outside the
loop.

The wonderful conclusion is that the external edges of the relevant diagrams obtain a
natural cyclic order. This presents us with a natural one-loop quantization of the bracket
(-), and thus with a natural proposal for the one-loop quantization of the spectral action.
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Definition 3.6.5. Let N € N and let f € C™ satisfy (f)1 (/\17)\ ) >0 fori,j < N. We
define

V...,V ZFG Vi, Vo),

where the sum is over all planar one-loop one-particle-irreducible n-point noncommutative
Feynman diagrams G with clockwise vertices of degree > 3 and external edges outside the
loop and marked cyclically. The one-loop quantum effective spectral action is defined
to be the formal series

n=1

Directly from the definition of (-} N> we see that
Vo, Va, V)N = (Wi, Vol
The next subsection serves to illustrate why an analogue of (3.34) holds for <<)>}\{‘ as well.

3.6.3.2 Ward identity for the gauge propagator

In addition to the Ward identity (3.35) for the noncommutative vertex, we claim that we
also have the following Ward identity for the gauge edge:

a a (D, al

- = (3.43)

Indeed, the left-hand side yields terms

Z (Qilemamn - aiQOlen) = Z (Gik‘sim(sklamn - Glrbdmnéklaim)

m<N m<N

= (Git, — Gnk)OkiGin,s

for arbitrary values of i, k, [, and n determined by the rest of the diagram. The right-hand
side, by the defining property of the divided difference, and because every internal edge adds
a minus sign, yields the terms

Z sz >\p’>‘qv/\ )qu[D a}qTQrlen

p,q,r<N

== Z (f,)m()‘p’ Ags Ar)(Aq = Ar)agrGindiqOrpGrpOrndpi
Pgr <N

= <(f/)[1](/\k7 An) = (FHM (O, )\k)) Git,GrkOriin.

Because Gy = 1/(f)M (A, N) (see Lemma 3.6.3) the two expressions coincide for every
value of i, k, I, and n, thereby allowing us to apply the rule (3.43) whenever it comes up as
part of a diagram. An example is below.

The Ward identity for the gauge propagator allows us to compute {(aVi,..., Vn»]lVL —
(..., Vna»]lVL diagrammatically. For example, the contribution of the second diagram in
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-

Figure 3.3: Relevant three-point diagrams at one-loop.

Figure 3.2 to (aV1, VQ)) — {1, V2a>>N is

WW WW (3.49

v1 Vz _

[D al [D al

The third two-point diagram in Flgurc 3 2 has two poss1blc markings of its external lines.

The respective contributions to aVl,VQ Vl,Vga N are
£
ﬁ ﬁ\ _ NA?VMAMP
% Vs
(D, d]
and

- ji@v}vw Dl + [P M%Dé

) ‘i o “

Vi v; " v Vi he

We have colored the noncommutative Feynman diagrams on the right-hand sides according
to their topology, i.e., without markings on the external edges and as they appear in Figure
3.3. One then readily sees that the diagrams conspire to yield all cyclic permutations of
V1, Va, [D, a] as external fields on all relevant one-loop diagrams with three external edges.
We obtain a two-point quantum Ward identity, namely

<<CLV1,V2> }VL - «VlaVZa»}\/{: = <<V17 Va, [D’a}»}VL

Proving the quantum Ward identity in general is the key to obtain the main theorem of
Section 3.6, which is formulated as follows.
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B

Figure 3.4: Relevant one-loop n-point functions with increasing number of vertices.

Theorem 3.6.6. There exist (b, B)-cocycles ¢V and N (namely, those defined by taking
<= (())}VL in Proposition 3.6.1) for which the one-loop quantum effective spectral action

can be expanded as

[e o]

SV VI Y (/N chk1<A)+21k/Fk> |

N
n=1 k=1 Yok_1 Pok

in the sense of Proposition 8.6.1. As before, 1,5%71 = (—l)k_1<(2]2111);!1/)é\1271.

Proof. Applying Definition 3.6.5, and combining two sums, we obtain

(aVi,. . V)N = (Vi Vaa) i = (TR (aVi, ., Vo) = TRV, .., Vaa)
G

where the sum is over all relevant diagrams G, by which we mean the planar one-loop one-
particle-irreducible n-point noncommutative Feynman diagrams G with clockwise vertices
of degree > 3 and external edges outside the loop and marked cyclically. Let G be a relevant
diagram marked 1,...,n. We let I(G) denote the set of diagrams one can obtain from G by
inserting a single gauge edge at any of the places one visits when walking along the outside
of the diagram from the external edge n to the external edge 1. To be precise, if the edges
n and 1 attach to the same noncommutative vertex v, we set

1(G) = {G"},

where G’ is the diagram obtained from G by inserting an external edge marked n + 1 at v
between the edges marked n and 1. If the edges n and 1 attach to different vertices v and
w, respectively, then the edge e succeeding the edge marked n on v necessarily attaches to
w, preceding the edge marked 1. In this case, we set

I(G) :== {Gn,Ge, G1},

where G,, is obtained from G by inserting an external edge marked n+1 at v between n and
e, G is obtained from G by inserting a noncommutative vertex vy along e and inserting an
external edge marked n + 1 along the outside of vy, and G is obtained from G by inserting
an external edge marked n+ 1 at w between e and 1. For example, on the right-hand side of
(3.44) we see the elements of F(G) for a G which is shown on the left-hand side (disregarding
the decorations and dashed lines). More generally, by construction of I(G), we find

(aVi, VN = (Vis Vaahy =D Y T (Vi Vi, (D, a)).
G G'el(@)

The sum over G and G’ yields all relevant n + 1-point diagrams, and, moreover, any relevant
n + l-point diagram with labels Vi,...,V,,,[D,a] is obtained in a unique manner from an
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insertion of an external edge in an n-point diagram, as described above. We are therefore
left precisely with

{(th .. ~7Vn>>jl\% - <<V17 cee vVna»}\f = <<V17 ooy Vi, [D7a]>>}VL

In combination with cyclicity, (Vi, ..., Vi) = (Vi, Vis- -+, Vo1 )37, this identity allows us
to apply Proposition 3.6.1. We thus arrive at the conclusion of the theorem. O

We conclude that the passage to the one-loop renormalized spectral action can be realized
by a transformation in the space of cyclic cocycles, sending ¢ — ¢ + ¢~ and 1 — o + ™.
One could say the theory is therefore one-loop renormalizable in a generalized sense, allowing
for infinitely many counterterms, as in [46]. Most notably, we have stayed within the spectral
paradigm of noncommutative geometry.

It would be interesting to connect our approach to that of the Grosse-Wulkenhaar model
[49], which is somewhat more specific, but naturally also allows for stronger results. One of
the main differences is that one there considers so-called non-local matrix models [48] with
a quartic vertex, while instead we have introduced a model with vertices of arbitrary degree,
by taking the spectral action as our starting point.
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Classical and Quantized Resolvent Algebras on the Torus

In this chapter, adapted from [81], we define an analogue of the resolvent algebra [18] on the
cotangent bundle T*T™ of the n-torus by first generalizing the commutative resolvent algebra
from [78], and subsequently applying Weyl quantization. We prove that this quantization
is almost strict (in the sense of Rieffel and Landsman) and show that our resolvent algebra
shares many features with the original resolvent algebra. We demonstrate that both our
classical and quantized algebras are closed under the time evolutions corresponding to large
classes of potentials. The algebras are exceptionally convenient for lattice gauge theory.

Results in this chapter were obtained in collaboration with Ruben Stienstra. The dis-
cussion here is smoothened by referring to [81] and [100] for technical proofs of results that
already appeared in Stienstra’s dissertation [100].

4.1 Introduction

Quantum theories are often obtained or studied via their classical limits. This holds true
not only for gauge theory, but for statistical mechanics, quantum gravity, and other parts of
physics as well. Showing that a classical theory is indeed the limit of the quantum theory at
hand can be done at various levels of rigor. The most precise way to establish this limit is
by strict deformation quantization, where one ‘quantizes’ a classical (commutative) Poisson
algebra into a quantum (noncommutative) C*-algebra [68, 90] (cf. [56, p. 5] for an overview
of the various definitions in the literature).

A pair of a classical and a quantum C*-algebra connecting in this rigorous fashion is not
easy to construct, but efforts are made to give more and more examples ([7, 68, 91, 92], to
name a few) in order to deal with the various configuration spaces that appear in applications.
In abelian lattice gauge theory, the n-dimensional torus arises as configuration space, and
one may look for strict quantizations of subspaces of Cp(T*T™). As we will discuss, the
known examples were too limited in certain specific respects. In this chapter, we will define
a quantum observable algebra on the torus, i.e., a C*-algebra A; C B(L2(T")) which satisfies
the following properties:

P1: The algebra Ay, has a classical counterpart Ay and can be obtained from this commut-
ative algebra through (strict) quantization.

P2: The algebra A is closed under the time evolution associated to the potential V' for
each V € C(T")sa. The classical analogue A satisfies a similar condition.
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P3: The classical and quantum algebras associated to a given system are both sufficiently
large to accommodate natural embeddings of the respective algebras corresponding to
their subsystems.

P4: The algebras Ay and A, contain the algebra Co(T*T™) and its quantization KC(L?(T™)),
respectively, without being larger than necessary.

An observable algebra satisfying only P1, P2 and P4 has long been known, namely the
compact operators K(L2(T™)), with Co(T*T™) as its classical limit (cf. [68], in particular
Sections I1.3.4, I111.3.6 and II1.3.11). We now sketch how the need for P3 arises in quantum
lattice gauge theory. More details can be found in [100, Section 5.1].

Lattice gauge theory. In the Hamiltonian lattice gauge theory by Kogut and Susskind
[62], one approximates a time-slice of spacetime by a finite ‘lattice’, or more accurately, an
oriented graph A. The vertices, contained in the set A%, are points in the time slice, while the
oriented edges, contained in A!, are paths between these points. A gauge field corresponding
to some connection on a principal fiber bundle over spacetime with gauge group G (a compact
Lie group) is approximated by the parallel transport maps along the edges of A. After
choosing a trivialization of the restriction of the principal fiber bundle to A°, the set of
all possible parallel transporters can be identified with GAI; this is the configuration space
of the Hamiltonian lattice gauge theory, and it carries a natural action of GA° (endowed
with the obvious group structure). The latter group represents the approximate gauge
transformations.

The Hilbert space of the corresponding quantum lattice gauge theory is H = LZ(G'AI)7
where GA' is endowed with the normalized Haar measure. The field algebra of the system
is some C*-algebra A, that is represented on H, from which the observable algebra can be
obtained by applying a reduction procedure with respect to the gauge group (cf. [61, 101]).
The observable algebra is accordingly represented on the set of elements of H that are
invariant under gauge transformations. Since the distinction between field and observable
algebras is irrelevant with regard to the issue that motivates the present investigation — the
embedding maps take the same form in both cases — we will continue to refer to A as the
observable algebra in what follows.

In the context of lattice gauge theory, one is interested in constructing an algebra of the
continuum system from the above algebras Ax. This is done by considering direct systems
of lattices, and we are naturally led to consider the following situation. Suppose that A;
and As are both lattices approximating a time slice, and that A is a better approximation
than Ay, i.e., A(l) - Ag, the graph As contains more edges than Aj, and each edge in A; can
be written as a concatenation of edges in As. We should be able to find a corresponding
embedding map Ap, < Aj,. The embedding map takes a simple form if A is obtained from
A by only adding edges: in that case, we have Hg = H; @ H§, where H = LQ(GAé\A%), and
the embedding is given by the restriction of the map

B(H1) — B(Hz) = B(H1) ® B(HS), ara®l, (4.1)

to Aa,, where 1 denotes the identity on H$, and ©@ denotes the von Neumann algebraic
tensor product.

A first guess for the observable algebras of the two quantum systems could be K(#;) and
K(H2), the algebras of compacts. However, except in trivial cases, the Hilbert space H{ will
be infinite-dimensional, which means that a ® 1 will not be a compact operator. Thus the
algebra K(H2) is too small to accommodate these embeddings. This problem was already
noticed by Stottmeister and Thiemann in [102]. Simply adding 1 to the compacts causes its
own problems, as for instance noted in [18].
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In [1], the problem concerning (4.1) was not encountered since different embedding maps
were used. However, as [100, Chapter 8] points out, these embedding maps have problems
of their own. The argument presented there is not specific to lattice gauge theory, but can
be made for any physical system that is comprised of smaller subsystems.

Another guess for the observable algebra of the composite system could be the one
generated by the embedded algebras of all subgraphs, as is done in [50]. However, this
raises questions about regulator independence of this procedure in situations where one
takes limits corresponding to an infinite volume or continuum limit of a collection of systems
parametrized by a cutoff. As this problem is beyond our scope, we will refer the reader to
the discussion in [100, Section 5.1]. The main point is that there is ample reason to try to
solve the problem through an appropriate choice of algebras, i.e., algebras that satisfy P3.

The resolvent algebra on R". In the case where the configuration space is R”, there
already exists an algebra satisfying P1, P2, P3 and P4: the resolvent algebra R(R?",¢,,).
The resolvent algebra R(X, o) on a symplectic vector space (X, o) is a C*-algebra that was
introduced by Buchholz and Grundling in [17], and subsequently studied in greater detail
in [18] and [14] by the same authors. Before we adapt this algebra to the case where T"
instead of R™ is the underlying configuration space, let us recall the main idea behind the
construction of the resolvent algebra.

The resolvent algebra is constructed as the completion of a *-algebra with respect to a
certain C*-seminorm [18, Definition 3.4]; the *-algebra is defined in terms of generators and
relations. To each pair (), f) € (R\{0}) x X, a generator R(A, f) is associated. Such a
generator is thought of as the resolvent (depending on A) corresponding to some unbounded
operator ¢(f) associated to the vector f, where ¢ denotes a linear map from X to a space
of operators on a dense subspace of a Hilbert space on which R(X, o) can be represented
faithfully.

For example, suppose that (X, o) is R? endowed with the standard symplectic form.
Then R(X, o) admits a faithful representation on L?(R) such that the unbounded operators
corresponding to the vectors (1,0) and (0,1) are the standard position and momentum
operators respectively (up to a factor of & in the latter case), see [18, Corollary 4.4 and
Theorem 4.10]. Both of these unbounded operators can be defined on the (invariant) dense
subspace C2°(R), on which they are essentially self-adjoint.

For each f € X, the generator R(J, f) is mapped to the bounded operator (iA1—¢(f))™!;
in particular, taking f = 0, we see that R(X, o) is unital. The relations defining the *-algebra
from which the resolvent algebra is constructed serve to encode the fact that R(\, f) behaves
like the resolvent of the unbounded operator ¢(f), as well as the linearity of ¢. Last but not
least, the canonical commutation relations (CCR) are introduced by the defining relations
of R(X,o) in which the symplectic form appears, thereby justifying the term “canonical
quantum systems” in the title of [18].

The resolvent algebra is not the only approach to the reformulation of the CCR in
a framework based on bounded operators; another is obtained through exponentiation of
the unbounded operators of interest, leading to the Weyl form of the CCR and the Weyl
algebra. There is a bijection between certain classes of representations of these two algebras
[18, Corollary 4.4]. In particular, generators of the resolvent algebras can be expressed in
terms of generators of the Weyl algebra by means of the Laplace transform, as is done in
[17]. By changing the representation in that definition to the usual representation on L?(R)
of the Weyl algebra on R?, one obtains the representation mentioned earlier.

Buchholz and Grundling note that their resolvent algebra has some desirable qualities not
shared by the Weyl algebra, such as the presence of observables corresponding to bounded
functions in regular representations. Also with respect to time evolution, i.e., P2, the re-
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solvent algebra is a superior alternative to the Weyl algebra. For example, [18, Proposition
6.1] shows that the resolvent algebra associated to R? endowed with the standard symplectic
form is closed under (quantum) time evolution for a large class of Hamiltonians, while the
Weyl algebra only admits free time evolution. The resolvent algebra is also stable under
dynamics in the context of oscillating lattice systems [15] and nonrelativistic Bose fields [16].
As regards P3, by [18, Theorem 5.1], for any symplectic vector space (X,o) and any
decomposition X = S @ S+ into nondegenerate subspaces (where S+ denotes the com-
plement of S with respect to o) the resolvent algebra R(X, o) naturally contains a copy
of R(S,015) ® R(S*, 0|g1); with respect to corresponding faithful representations of these
three resolvent algebras, the embeddings of R(S, 0|5) and R(SL, (g1 ) are given by the ana-
logues of the aforementioned embedding map for lattice gauge theory. Here, ® denotes any
C*-algebraic tensor product (nuclearity of the resolvent algebra is shown in [14]).

We have seen how properties P2 and P3 hold for the resolvent algebra. A proof of P1
also exists, and forms the basis of our construction in the case of the torus. Indeed, it
is shown in [78] that the resolvent algebra arises as the strict deformation quantization of
an algebra that can be considered the observable algebra of a classical system in the sense
of Rieffel and Landsman, i.e., the C*-algebra generated by the image of a dense Poisson
subalgebra of the classical algebra under a quantization map [68]. In particular, when (X, o)
is R?" endowed with the standard symplectic form, there is a corresponding commutative
C*-algebra Cr(R?"), which is the C*-subalgebra of C},(R?") generated by functions of the
form
z (IA—z-0)7h AeR\{0}, v € R?™,

where - denotes the standard inner product. Similar to the way in which the algebra Cp(R?")
may be quantized into the compact operators on L?(R™) by considering the dense Poisson
subalgebra S(R?") of Schwartz functions and defining Weyl or Berezin quantization on them,
we consider a dense Poisson subalgebra of Cr(R?*") defined by

Sr(R*) :=spang{go Py: V C R? is linear, g € S(V)},

where Py denotes the orthogonal projection onto V. The Weyl quantization of g o Py is
defined using the Fourier transform of g as a function on V' [78, Section 3.2], but is otherwise
equal to the definition of the Weyl quantization of ordinary Schwartz functions on R?". It is
then argued that the Weyl quantization map admits a (unique) linear extension to Sg (R?").
Furthermore, it is shown that the images of Sg(R?") under Weyl and Berezin quantization
are both dense subspaces of R(R?", ). The resulting algebra Cr (R?") is accordingly referred
to as the commutative resolvent algebra on (the cotangent bundle of) R™. As is shown in
[78], these definitions are easily extended to infinite dimensions.

In addition to being the classical counterpart of the resolvent algebra as defined by
Buchholz and Grundling, the commutative resolvent algebra offers an interesting perspective
on our earlier discussion on embeddings of observable algebras. In some sense, Cr(R™)
is the smallest C*-subalgebra of Cp,(R™) that contains Cp(R™), whilst also containing its
analogues associated to linear subspaces of R™. This may be formalized as follows. Consider
the category whose objects are finite-dimensional real vector spaces, and whose morphisms
consist of projections of a vector space onto one of its subspaces. Then there is a contravariant
functor Cy, from this category to the category of C*-algebras that maps an object V' to the
space Cp(V), and that maps morphisms to their pullbacks between these spaces. It is
now consistent with the definition of the commutative resolvent algebra to define Cz as the
smallest subfunctor of C, with the property that the image of every object V' contains Co (V).
Note that this implies that Cg (R™) is unital, as it contains the embedding of Cy({0}). This
makes precise in which sense P4 holds for the resolvent algebras on R™.
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Resolvent algebras on the torus. In this chapter we introduce an analogue of the
resolvent algebra where the configuration space R” is replaced by T". Our main motivation
is abelian lattice gauge theory, where the gauge group, and therefore the configuration space,
is a compact abelian Lie group, and therefore isomorphic to T". The resolvent algebra
of the torus, in contrast with the one of Buchholz and Grundling, is not introduced by
means of generators and relations. Rather, we first identify a commutative resolvent algebra
CRr(T*T™) by generalizing the definition of [78]. We then give a concrete characterization
of Cr(T*T™). Namely, identifying T*T™ with T x R", we prove that Cr(T*T") equals
C(T™)@WS (R™), where WS (R") is the C*-algebra generated by the functions

z—=1/(i+z-v) and z— Y forall weR™ (4.2)

In addition, we identify a dense *-subalgebra Sg(T*T"™) C Cr(T*T") carrying a natural
Poisson structure. The algebra is spanned by functions of the form e, ® h, where ep[z] :=
e and h is a smooth function that is a product of an element of S (R") and a function
of the form x — €% for some & € R™.

To define a quantum counterpart, we apply Weyl quantization, making P1 integral
to the definition of the (quantum) resolvent algebra on T". Our Weyl quantization map
oW : Sp(T*T™) — B(L*(T")) is an extension of the usual ([68, Section I1.3.4]) Weyl quant-
ization on (a subalgebra of) Co(T*T"), when we see T" as a Riemannian manifold with its
corresponding Levi-Civita connection. The same quantization map QXV equivalently arises
by viewing T" as a quotient of Euclidean space, and adapting the Weyl quantization of R*"
accordingly. The most explicit characterization of Q};V is obtained by writing Cr (T*T") as
the tensor product C(T™)&WS (R™). We then have

O (ep ® h)hg = h(2mh(a + 1b))Yass, (4.3)

where e, ® h € Sg(T*T"), and 1, is the equivalence class of ¢, € C(R") in L?(R") for
each b € Z". Using this generalized Weyl quantization map QXV, we define the (quantum)
resolvent algebra on the torus as

Ay 1= C*(QY (S(T*T™)) € B(LA(T)),

before remarking that A, = Ay for all A, /' € (0,00). The property P3 turns out to follow
from this explicit description of Q;{V and the fact that P3 holds for Cr(T*T"), which is
readily seen. P4 is satisfied by definition of Cr(T*T").

The main contribution of this chapter is that P2 also holds for our algebras, both the clas-
sical and the quantum one, in the following very strong sense. Our commutative resolvent
algebra Cr(T*T") is closed under the classical time evolution associated to the potential
V for each V € C1(T")s, with Lipschitz continuous derivative. Our quantum resolvent al-
gebra Ay, is closed under the quantum time evolution associated to the potential V' for each
V € C(T")sa. In both cases, the free part of the Hamiltonian is the usual one. Unlike the
analogous result in [18] in which a similar result is established only for R?" with n = 1, our
results hold for arbitrary n € N.

This chapter is structured as follows. In Section 4.2, we first define the commutative re-
solvent algebra C'r(T*T™) by extending the definition of [78]. We proceed by analyzing its
structure, culminating in the more practical characterization Cg (T*T") = C(T") & W% (R™).
Furthermore, we identify a dense *-subalgebra that carries a Poisson structure. In Section
4.3, we give a well-motivated definition of Weyl quantization on this dense *-subalgebra,
and define the quantum resolvent algebra on T™ by use of this quantization map. Section
4.4 proves the fact that Cr (T*T") is invariant under classical time evolutions in the general
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setting mentioned mentioned above. In Section 4.5, we show that the quantum resolvent
algebra on T" is invariant under quantum time evolutions. Finally, Section 4.6 shows that
our quantization map fulfills almost all conditions of a strict deformation quantization, which
will lead us naturally to Chapter 5.

4.2 Definition and basic results

On the phase space R?", we already have a commutative C*-algebra that satisfies P2, P3
and P4 mentioned in the introduction and forms the classical part of a strict deformation
quantization, namely the commutative resolvent algebra Cr (R?*") defined in [78]. We begin
this section by adapting its definition to T*T". As mentioned in the introduction, we identify
T*T" with T" x R™, and we note that the latter space carries a natural left action of
R?" = R™ x R™ by translation.

Definition 4.2.1. For each (v,w) € R" x R" = R?" et (T" x R")/{(v,w)}* be the space
of orbits of the restriction of the action of R*™ to {(v,w)}*+ C R?*", and let

Toawy: T X R™ = (T x R") /{(v,w)}*

be the corresponding canonical projection. The commutative (or, classical) resolvent al-
gebra on T", denoted Cr(T*T"), is the smallest C*-subalgebra of Cp(T™ x R™) generated
by the set of functions

{f O M(yw) * (U7w) € R2n7 f € CO((TTL X Rn)/{(vaw)}L)}7

that is, the set of continuous functions invariant under the action of {(v,w)}* C R?" for
which the induced map on (T™ x R™)/{(v,w)}* vanishes at infinity.

To establish the link with the definition of C'gr(R™) given in [78], note that there is an
immediate generalization of the above definition to arbitrary topological spaces M carrying
a left action of R™ for some m € N. Taking M = R" and m = n then yields the definition of
Cr(R™). Unfortunately, 7*G does not have an appropriate action of R?" for a nonabelian
Lie group G that would enable us to unambiguously generalize this construction.

The definition of the commutative resolvent algebra Cr(T*T™) is clearly motivated, but
very unwieldy in practice. Our first task is therefore to find an alternative, more elementary
characterization of Cr (T*T").

Recall that the algebra WO(R™) of almost periodic functions on R™ is the C*-subalgebra
of C,(R™) generated by the functions z +— e%% for £ € R™.

Definition 4.2.2. Letn € N. We define the algebra W (R™) as the C*-subalgebra of Cj(R™)
generated by the commutative resolvent algebra Cr(R™) and the algebra of almost periodic
functions WO(R™) on R".

The next theorem will unveil Cx(T*T™) as a tensor product of two algebras. We regard
the algebraic tensor product of two C*-algebras A C C},(X) and B C C,(Y) as a subset of
Cp(X xY) via (f®9)(z,y) = f(x)g(y), and denote its corresponding completion by A® B.
Since commutative C*-algebras are nuclear, this is equivalent to any other C*-algebraic
tensor product.

The following theorem is proven in [81, Theorem 5] and [100, Theorem 5.7].

Theorem 4.2.3. For each n € N, we have

CR(T*T™) = C(T") & W (R™).
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We finish this section by defining a smooth subspace of Cg (T*T").

Definition 4.2.4. Recall that ey: T" — C, [z] = €*™ for all b € Z". For each subspace
U CR", for each £ € UL, and for each Schwartz function g € S(U), let

hugq: R = C, pr e“Pg(Py(p)),
where Py: R™ — U denotes the orthogonal projection onto U. We define
Sr(T*T") :=span{e, @ hyeg: beZ", U CR" linear, £ € Ut ge S(U)}.

The following result is proven in [81, Proposition 7] and [100, Proposition 5.9].

Proposition 4.2.5. The vector space Sr(T*T™) is a subspace of Cr(T*T") that is closed
under multiplication and partial differentiation, and is consequently a Poisson subalgebra of
C(T*T"™). Moreover, Sg(T*T") is a norm-dense *-subalgebra of Cr(T*T™).

4.3 Quantization of the resolvent algebra

Having discussed the nice properties of Cr(T*T™), we now ask whether there exists a
quantum version of this algebra. Contrary to the resolvent algebra R(R?", o) of Buch-
holz and Grundling, on 7*T" it is hard — if not impossible — to define an algebra in terms of
generators and relations implementing canonical commutation relations. We therefore take
a different approach.

We will define our quantization of the algebra Cr(T*T") as an algebra represented on
L?(T™), using a version of Weyl quantization directly related to the definition of Landsman
[68, Section I1.3.4] for general Riemannian manifolds. By contrast, Rieffel’s algebras on
T*T™ in [92], apart from being quantizations of (subalgebras of) Cy,(T*T"), are defined as
universal objects from which a physical quantum system is obtained as the image of one of its
irreducible representations, and it is not always clear which representation corresponds to the
physical system that one wishes to model. These algebras have many inequivalent irreducible
representations due to the fact that T is not simply connected, see e.g. [92, Example 10.6]
and the discussion in [69, Section 7.7]. In [100], it is argued that such universal objects might
still be suited as quantum observable algebras, but we will not pursue that path here.

An indisputable advantage of quantizing Cr (T*T™) as an algebra of operators on L?(T™)
lies in the explicit formula for the quantizations of the generators of Cx(T*T™), which
simplifies calculations.

Before we get to that formula, we motivate our extended definition of Weyl quantization
by deriving it from its analogue on Euclidean phase space.

4.3.1 Definition of the quantization map

Let us first recall the basics of Weyl quantization in R??, the quantization procedure in [108]
conceived by Weyl. Given say, a Schwartz function f € S(R?"), one associates an operator
OV (f) € B(L*(R™)) to it as follows. First, one expresses f in terms of functions of the form

R™ =R"xR" = C, (q,p)+ @TH¥?),

where x,y € R", by considering the Fourier transform of f. One subsequently substitutes
these exponential functions with the operators

i@ Qty )
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where @, P are vectors whose components are the essentially self-adjoint operators on S(R™)
C L(R™) defined by Q;¢(x) := x4 (z) and Py (x) : —ih%(z)‘ Thus, the Weyl quantiz-
ation of a function f is informally given by the expression

/ F(,y)e= QP 4y dy
n Rn

:(%)_2”/ / / /R Flq,p)e 3 e Q=0 (P=p) 4q dp du dy,

where we take i > 0. To define the above integrals rigorously, we can insert a function
1 € S(R™) on the right-hand side of the integrand, and check that the resulting expression
is well defined and that it defines a bounded operator on S(R™) viewed as a subspace of
L%(R"). Since S(R") is dense in L2(R™), the operator has a unique bounded extension to
L?(R™), which we define to be Q)V(f). Using standard identities for Fourier transforms of
functions, and performing a number of substitutions, it can be shown that

@V (D)) = ey [ [ g (o4 Lp)e o+ ) dpa,

for each ¢ € S(R") and each z € R"™.

We now adapt the Weyl quantization formula to 7*T" in such a way that we can quantize
elements of Cr(T*T™). We already identified a dense Poisson algebra of Cr(T*T") in
Section 4.2, namely the space Sg (T*T™) of finite linear combinations of functions of the form
ey @ hyeg; see Proposition 4.2.5. These are the functions that we will quantize. Because
these functions do not have to vanish at infinity, we need to do some extra work. We take
inspiration from [92], regarding the integrals in the above formula as oscillatory integrals,
and regularizing the expression by inserting a factor in the integrand in the form of a member
of a net of functions that converges pointwise to the constant function lgs, as in part (1)
of the next proposition. The proof of the proposition below is found in [81, Proposition 16]
and [100, Proposition 7.1] and is inspired by [92, Proposition 1.11].

Proposition 4.3.1.
(1) Let f € SR(T*T™), let h > 0, and let ¢ € C(T™). Then for each [x] € T, the limit

ety [ [ f (ot d] e e ol ldpds,. (@)
—> n n
exists.

(2) Suppose that f = ey @hyg g is a function as described in Definition 4.2.4, and consider
Ya[z] := 2™ for some a € Z". Then the expression in equation (4.4) is equal to

hug.9(2mh(a + $b))tas[z],

and the map defined on span,czn{ws} sending i to the function on T™ that assigns to
a point [x] € T™ the limit in (4.4) extends in a unique way to a bounded linear operator
on L2(T™) with norm < ||gl|eo-

The above proposition justifies the following definitions.

Definition 4.3.2. For each i > 0, we define the Weyl quantization Q) (f) of f €
Sr(T*T™) to be the unique bounded linear extension of the operator on span,czn{1a.} defined
by the formula

O (ep ® h)tg := h(2mh(a + 1b))Yass - (4.5)



Classical and Quantized Resolvent Algebras on the Torus

We thus obtain a map Q) : Sg(T*T™) — B(L?(T")), for each h > 0. We define the
(quantum) resolvent algebra on T™ to be the C*-subalgebra Ay of B(L*(T™)) generated
by the image of Sg(T*T™) under QZV.

The Weyl quantization can easily be seen to restrict to the Weyl quantization defined in
[68, Definition I1.3.4.4]. In other words, the two approaches given either by seeing T™ as a
Riemannian manifold, or by seeing it as a quotient of R", are equivalent. We thus uncover
(4.5) as an effective way to quantize more functions than just the ones vanishing at infinity,
which, as argued in the introduction, is crucial for obtaining an infinite dimensional limit.
The following proposition shows further properties of our quantization map. For the proof
we refer to [81, Proposition 18] and [100, Proposition 7.4].

Proposition 4.3.3. Let h > 0.
(1) The Weyl quantization map is linear and *-preserving;
(2) For each I > 0, we have Ay, = Ap;
(3) The image of
span{e, ® g: b€ Z", g € S(R™)} C Sg(T*T™) N Co(T*T™),
under QXV lies dense in the space K(L*(T™)) of compact operators;

(4) Under the canonical embedding

B(L*(T™)) < B(L*(T"*™)) = B(L*(T™)) ® B(L*(T™)), a~—a® 1,
induced by the projection at the level of configuration spaces T"t™ — T™ onto the first

n coordinates, the image of the resolvent algebra on T™ is a subalgebra of the resolvent
algebra on T, (Here, @ denotes the von Neumann algebraic tensor product.)

(5) Let pg be the group representation of T™ on Cy(T*T™) given by

polzlf == ((¢,p) = f(—=z +q,p)),

and let py, be the group representation of T" on B(L%(T™)) given by

prlzla = Ligal{_y,
where L*: T — U(L?*(T™)) denotes the left regular representation of T™. Then both
CRr(T*T™) and Sr(T*T") are invariant under py. Furthermore, the Weyl quantization
map is equivariant with respect to these representations.

Remark 4.3.4. Because of part (2) of this proposition, we will write Ay, for the C*-algebra
generated by QY (Sr(T*T™)) for any value of I > 0 without specifying h. Part (8) is the
analogue of the first part of [68, Corollary II.2.5.4] in the present setting. Part (4) indicates
that our quantum algebras respect the embedding maps corresponding to the addition of edges
in lattice gauge theory. Part (5) is the analogue of [68, Theorem I1.2.5.1], and indicates in
particular that gauge transformations can be easily incorporated into our framework.

Having displayed the basic useful properties of Cr(T*T"), of Ay, and of the quantization
map Q}ZV between them, we are ready to prove our two most surprising results. They state
that both Cr(T*T™) and Ay, are preserved by all respective time evolutions, including an
arbitrary interaction.
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4.4 Classical time evolution

In this section, we prove that Cg(T*T") is preserved under the (time) flow induced by the
Hamiltonian

H(q,p) = 30"+ V(9),

for each potential V € C(T")s, such that VV is Lipschitz continuous. This is arguably the
most natural assumption on V; the Picard—Lindeldf theorem then ensures that the Hamilton
equations have unique solutions.

Precisely stated, for every (qo,po) € T™ x R™, there exist unique functions ¢: R — T"
and p: R — R" that satisfy

(1), p(1) = (p(t), =VV(q(1))  tER,
(4(0),p(0)) = (g0: Po)-
Note that the expression on the right-hand side of the first line of equation (4.6) is the

Hamiltonian vector field Xy corresponding to H evaluated at (¢(t),p(t)). For each t € R,
the time evolution of the system after time ¢ is the map

(4.6)

Of: T" x R" = T" x R", (g0, p0) — (q(t),p(t)),

which is the flow corresponding to X evaluated at time t; it is well-known to be a homeo-
morphism.

Note that we have already made the notation of the flow less cumbersome by writing
®!, instead of @&H‘ In what follows, we restrict our attention to the case ¢ = 1, further
simplifying the notation by defining ®y := @%/. The following lemma shows that we may do
so without loss of generality:

Lemma 4.4.1. The algebra Cr(T*T") is preserved under the pullback of @y for each V if
and only if it is preserved under the pullback of ®, for each V, for each t € R.

Proof. For any t # 0 (as ¢ = 0 is trivial), we make the following transformation on phase
space
¢(¢,p) = (g, tp)-

Because the momentum part of ¢ is linear, its pullback preserves the commutative resolvent
algebra. Given an integral curve (g(t),p(t)) of the vector field Xy corresponding to the
potential V, i.e., a solution of equation (4.6), one can easily check that s — ¢(q(ts),p(ts))
is an integral curve corresponding to the potential t2V. We therefore conclude that

D (g0, po) = ¢~ " 0 Ppay, © B(q0, po),
which implies the claim. OJ

We prove our main theorem in three steps: taking V' = 0; taking V' trigonometric; and finally
taking general V. In the second and third step we will need the following consequence
of Gronwall’s inequality. Let d denote the canonical distance function on T" as well as
on T" x R™. (Note that these distance functions are the ones induced by the canonical
Riemannian metrics on T" and T*T™ = T™ x R", respectively.)

Lemma 4.4.2. Let f,g: T" x R* — R?" be Lipschitz continuous functions, let ¢ be the
Lipschitz constant of f, and let y,z: [0,1] — T™ x R™ be curves that satisfy y(t) = f(y(t))
and 2(t) = g(z(t)) for each t € [0,1]. Finally, suppose that € > 0 is a number such that
Ilf — gl < e. Then we have

d(y(t), 2(1)) < (d(y(0), 2(0)) + te)e™.
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Proof. By translation invariance of the metric on T" x R", we have
d(y(t), 2(t)) < d((y(t) — y(0)) — (2(t) — 2(0)), 0) + d(y(0), 2(0))

S/ 1/ (y(s)) — 9(z()Il ds + d(y(0), 2(0))
0

< c/ d(y(s), z(s)) ds + te + d(y(0), z(0)).
0

With the integral version of Gronwall’s inequality, this implies the lemma. 0

4.4.1 Free time evolution

For each pair (qo,po) € T™ x R", we have q(t) = qo + tpo and p(t) = pg, denoting the usual
action of R™ on T™ by +. The latter notation, explicitly written as [z]+p = [z +p] for z,p €
R™, will be used in the remainder of this dissertation. We find that ®y(qo,po) = (g0 + po, o),
and obtain the following preliminary result. Let * denote the pullback.

Lemma 4.4.3. Free time evolution preserves the commutative resolvent algebra, i.e.,
Qo(CR(T™T™)) € Cr(T™T™).
Proof. We have
D (er @ hue ) (90, po) = en(go)e*™ ™ e g( Py (po))-
Defining § € Co(U) by g(p) := > ®)Pg(p), and € := & + 21 P (b), we obtain

<I>8(eb ® hU,E,g) = ® hU,é,g'

Thus the generators of Cr(T*T") are mapped into Cr(T*T") by @, and since this map is
a *-homomorphism, the lemma follows. O

4.4.2 Trigonometric potentials

We say that V' is a trigonometric potential if it is real-valued and of the form V = 3~ _ - aes,
for some coefficients a;, € C and a finite subset A C Z". The main trick used to establish
time invariance of the commutative resolvent algebra is to use induction on the size of A/.
The induction basis, N' = (), corresponds to free time evolution. In order to carry out the
induction step we fix a vector b € N/, and compare the dynamics corresponding to V with
the dynamics corresponding to V' — V4, where

Vp = apep + a_pe_y,.

Similar to the already defined curves ¢: [0,1] — T" and p: [0,1] — R™, the dynamics
corresponding to V' — Vj, of the point (qo,po) is encapsulated by the curves ¢: [0,1] — T"
and p: [0, 1] — R™ satisfying
@®),p(1)) = (1), ~V(V = V)(@(1)))  teR,
(4(0), 5(0)) = (q0. Po)-

We compare the two dynamics in the following proposition.

(4.7)

Proposition 4.4.4. Let b € Z"™ and § > 0. There exists a Dy > 0 such that for each
(o, po) € T™ x R™ satisfying |b- po| > Dy, we have

d (v (go. po), Pv—v;, (g0, po)) < 6.
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Proof. Note that the statement is vacuously true for any D;, > 0 if b = 0. We therefore fix a
nonzero b € Z". Throughout the proof, we use a variation of big O notation, expanding in
the variable At := |b- po| ™", uniformly in go. That is, we write f(qo,po) = O(At?) if there
exist N,C' > 0 such that for all go,po with |b- po| > N we have |f(qo,p0)] < CJb - po| <.
Therefore, to prove the proposition, it suffices to show that

(). 28)) -

Assume that At € (0,1). We divide the time interval [0,1] into m intervals of length At,
where m := |1;], and a final interval of length 1 — mAt. For each t € [0, At] and each
j €{0,...,m} (these will be the assumptions on ¢ and j throughout the rest of the proof)
let

P (t) = q(jAt+1), p(t) = p(jAt+1),

and define the curves ¢ and #’ analogously. Note that (¢/, p’) and (¢, 57) satisfy the differen-
tial equations (4.6) and (4.7) respectively, but with different initial conditions. Furthermore,
for every j, we define the curve 47: [0, At] — T™ as the unique solution to the initial value
problem _ _ ' _
(7). 5 (1) = (37 (@), =V(V = W)y’ ()))  teR, (4.9)
(77(0),%7(0)) = (¢/(0), ' (0)),
where on the first line, we have emphasized the similarity of this equation with the equations
(4.6) and (4.7) by including 47 (¢). We do not introduce any special notation for 47, however.

0 At 2At mAt 1

Figure 4.1: The position functions ¢/,77 and ¢’. Sloping lines correspond to V — V},, whereas
the horizontal line that depicts ¢ corresponds to V.

As depicted in Figure 4.1, the curve 77 : [0, At] — T" plays a key role in comparing ¢ with
¢’; the curve (v/,47) is an integral curve along the same Hamiltonian vector field as (¢7, p7),
but with the same initial conditions as (¢/, p?).

We now expand our expressions in orders of At. Using equation (4.6) and the funda-
mental theorem of calculus, we obtain

At
127 (t) =’ (O) S/O IVV (@ (5))]| ds < [[VV ]l At = O(AL). (4.10)

In particular, taking ¢t = At, we get Hpj“(O) - p7(0)|| = O(At), and therefore by induction

127 (0) = pol| = O(1), (4.11)



Classical and Quantized Resolvent Algebras on the Torus

for every 0 < j < m. Equations (4.10) and (4.11) give us

.00+t < | [ (W(5) — po) ds

< /Om 19 (5) — O] + #7(0) — o] ds
— O(AY). (4.12)
A result similar to (4.10) exists for 49 instead of p7, and hence
9 (6) - (0| = (), (113
which implies
A (5),4(0) = O(AR) (114)

Using the definitions of Vj, and At, we show that the distance between p/(At) and 47 (At) is
in fact of order At%. We first note that

At
(A1) - 5(An)| = H [~V 9) - v - Ve ) s

At ) ]
< /0 IV(V — Vi) (@ () — V(V — Vo) (27())|] ds

n ‘ / M Vi) as)

By (4.14), the first term is O(At3). For the second term we can use (4.12) and the observation

that
At

VVi(¢’(0) + spo) ds = 0.
Jo

Hence the second term is O(At?). All in all, we obtain the estimate

[P (A8) =47 (A1)|| = O(AP).

This estimate, together with (4.14), implies

PEHO)\ (VAN L (A (AN 2
1((Goio)- (Fian)) =+ ((ian) - (4(an) ) -oai
Since 47 and ¢’ satisfy the same differential equation, say with associated Lipschitz constant
¢, Lemma 4.4.2 (with f =g : (¢,p) = (p,—V(V — V})(q))) implies that

(G E G ) o

Taking t = At, we by definition have

L R (AR )

Combining (4.15) and (4.17), we find that

() (o) = (o) () + o
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Because e/¢A = O(1), repeated use of the above equation gives

a (7O (THONY Z oag. (4.18)
4m(0)) 7 \p™(0)

Let t := 1 — mAt. Using (4.16), we find

1(G) Gi) =2 ((0)- () + (665 ()
<A™ (0) + (1) ~ 57
cea((0) ()

The first term is O(At?) by (4.14), the second is O(At) by (4.13), and the last term is O(At)
by (4.18). This implies (4.8), and thereby the proposition. O

Proposition 4.4.4 expresses a property of the classical time evolution associated to a trigo-
nometric potential in terms of points in phase space. To translate this result to the world of
observables, we fix € > 0 and notice that any g € Cgr(T*T") is uniformly continuous. Hence
for every b € N' we may fix a D, such that

sup |0yg(z) — &y _y ()] <, (4.19)
zel,

where
Up:=T" x {z € R": |b- x| > Dp}.

We also define the open sets

Wy :=T"x{z € R": |b-z| > 2Dy};
Uso :=T" x {z € R": |b- x| < 4D, for all b € N'};
Weo :=T" x {z € R": |b- x| < 3Dy, for all b € N'},

and remark that {U;}ie; and {W;};c; are open covers satisfying W; C U; for all i € I :=
N U {oc}. Since we already know how ®j,g approximately behaves on |, U, let us see
how it behaves on Uy.

Lemma 4.4.5. There exists an foo € Cr(T*T™) that equals ®7,g9 on Us.
Proof. Let S := spang N. We write our phase space as a product of topological spaces
T x R = (T" x S) x S+,
and note that
Co(T" x ) & W (S1)

is an ideal in Cr(T*T™). On the other hand, regarding our phase space as a coproduct of
abelian Lie groups
T x R = (T" x S) & S+,
we define ¢' as the restriction of ®, to T" x S for each ¢ € R. Because VV L S+, we have
p(t) L S+, and hence
AT xS =T x S
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is a well-defined homeomorphism. Moreover, we find the equation

Y (q.p+p1) =8 (q,p)) + (tpr,py), forall pj €S, pLe S,

because its two sides solve the same differential equation. Using the above relation in a
straightforward calculation on generators, one can show that

7(Co(T™ x S) @ WH(S)) C Co(T™ x S) @ Wi (SH).

Actually, the same holds for <1>(/1, which implies that ®j, is a *-automorphism of the ideal
Co(T™ x S) & W% (51). Now note that Us is of the form K x S+ for some compact subset
K C T" x S. By Urysohn’s lemma, we may choose a function § € Co(T" x S) @ W% (S*)
that is 1 on Us, and define f := g - ®{,g. We then find that

foo = (0 y") - g) 0 v € Co(T" % 5) & Wi(S™),
and therefore fo € Cr(T*T™). O

We can finally prove that our commutative resolvent algebra is invariant under any time
evolution corresponding to a trigonometric potential.

Proposition 4.4.6. For every trigonometric potential V: T" — R and g € Cr(T*T™) we
have ®%,g € Cr(T*T").

Proof. We use induction on the size of N in V = Y, apep (while assuming that N is
chosen minimally). The induction base is precisely Lemma 4.4.3.

We now carry out the induction step. The induction hypothesis says that time evolution
with respect to V —Vj, preserves Cg (T*T™), for each b € N. Therefore, writing f := QY 1,9,
we have f, € Cr(T*T"). Fixing foo as in Lemma 4.4.5, we have f; € Cr(T*T"), and equation
(4.19) implies that

[l filv; — @V gluillo <€ (4.20)

for each i € I = N U {oo}. We now construct a partition of unity {7;} subordinate to the
open cover {U;} of T" x R", to patch together the functions {f;} and obtain a single function
in Cr(T*T™). We start by defining nonnegative functions ¢; € Cgr(7*T") that are 1 on W;
and 0 outside of U;. Explicitly, for each b € N, we take ¢ := 1 ® (gp 0 Pypan(p)) for some
bump function g, on span(b), and we take (s := ln @ (goo © Pg) for some bump function
goo 0N S. Because {W;} is a cover of T" x R, the sum ), (; € Cr(T*T") is bounded from
below by 1, hence it is invertible in Cg (T*T"), and therefore every function

also lies in Cr(T*T"). Now (4.20) gives us

<e.

g — Y fims
@

oo

Since ¢ > 0 was arbitrary and Cr(T*T") is norm-closed, the assertion follows. O

119



Chapter 4

120

4.4.3 Arbitrary potentials

Having covered the trigonometric case, we now wish to tackle the general case. The following
lemma provides the required approximation of a generic potential by trigonometric ones.

Lemma 4.4.7. Let V € C(T"). Then there exists a sequence (Vi,)3°_, of trigonometric
polynomials such that (VV,,)2°_; converges uniformly to VV. Furthermore, if V is real-
valued, then every V,, can be chosen to be real-valued as well.

Proof. We construct the sequence (V;,) by convolving V' with the n-dimensional analogues
of the family of Fejér kernels. We first recall that for each m > 1, the m-th Fejér kernel is
given by

1 sin?(mmaz)

m sin®(rz)

1 m—1 k 3
Fim:T—>R, ¢=z]— — 2T =
| [ n e
where the most right expression in this definition is understood to be equal to m for x =
0. The sequence (F1,m)m>1 is an approximation to the identity, i.e., for every continuous
function f on T, the sequence (Fim, * f)m>1 converges uniformly to f, where % denotes the
operation of convolution of functions [99, Sections 2.4 and 2.5.2].
Next, we define the n-dimensional analogues of these functions:

n
Fn,m: Tn—>R7 q= (Q17~~-,Qn) HHFl,m(ql)-
=1

Using the corresponding fact for one-dimensional kernels, it is elementary to show that the
sequence (Fj, m,)m>1 is an approximation to the identity.
We now define
Vi i =Fom*xV,

for each m > 1. Because every F, ,, is trigonometric, and ep* f = f (b)ey, for every f € C(T")
and b € Z", the sequence (Vi;)m>1 consists of trigonometric polynomials. Moreover, by a
general property of convolutions, we have

v, 0 ov

quﬂ - %(F7L,Tﬂ * V) - Fn,m * Biql’
and since (Fym)m>1 is an approximation to the identity, the right-hand side converges
uniformly to g—v as m — oo, for I =1,...,n. It follows that (VV},)mn>1 converges uniformly
to VV. The final assertion is a consequence of the fact that the family of Fejér kernels (as
well as its higher-dimensional analogues) consists of real-valued functions. O

We now extend Proposition 4.4.6 to general V', thereby arriving at our final result.

Theorem 4.4.8. Let V € CY(T™)s,, and suppose that V'V is Lipschitz continuous. Then
we have
(1) (CR(T™T")) = Cr(T*T"),

for every t € R.

Proof. 1t suffices to show that (®4,)*(Cr(T*T")) C Cr(T*T"); we can replace ¢t by —¢ and
note that (®,")* is the inverse of (®!,)* to obtain the reverse inclusion. By Lemma 4.4.1,
we may assume without loss of generality that ¢ = 1.

Let g € Cr(T*T"). By Lemma 4.4.7, there exists a sequence of trigonometric potentials
(Vi) on T™ such that (VV,,) converges uniformly to VV. We show that this implies that
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(@3, (g)) converges uniformly to ®7,(g); since &y, (g) € Cr(T*T") by Proposition 4.4.6 and
since Cr (T*T™) is norm-closed, the theorem will follow from this.

Let ¢ > 0, and let ¢ be the Lipschitz constant of (¢,p) — (p,—VV(q)). Since g is
uniformly continuous, there exists 6 > 0 such that |g(x) — ¢g(y)| < € for each z,y € T" x R
with d(z,y) < d. By assumption, there exists an N € N such that for each m > N, we have
IVV = VV,|leo < de€. Tt follows from Lemma 4.4.2 that d(®y (z), Py, (z)) < 0 for each
r € T" x R™ and each m > N, hence [|®},(g9) — @7, (9)[loc <. Thus (9}, (g)) converges
uniformly to ®,(g), as desired. O

4.5 Quantum time evolution

Our next task is to show that A, = C*(Q)Y (Sg(T*T™))) is invariant under time evolution
for each Hamiltonian with potential V' € C(T™). The general proof strategy resembles that
of Buchholz and Grundling in [18, Proposition 6.1]. However, the present setting differs from
theirs in two important ways, each of which introduces its own technical problems. First
of all, our configuration space is T" rather than R™. Secondly, we consider the problem of
invariance under time evolution for arbitrary n € N, whereas Buchholz and Grundling only
discuss the case n = 1. We start with the simplest type of time evolution:

Lemma 4.5.1. Let h > 0. The algebra Ay, is closed under the quantum time evolution

corresponding to the free Hamiltonian Hq that is the unique self-adjoint extension of the
. .. 2 2 . .

essentially self-adjoint operator —% > d%f with domain C*°(T").

Proof. We show that the quantum time evolution corresponding to Hp maps the set of
quantizations of the generators e, ® hy¢ g of Cr(T*T") into itself; since the time evolution
consists of a family of automorphisms of C*-algebras, the lemma will follow from this.

Let e, ® hy g 4 be such a generator. Note that for each a € Z", we have

_itHg

e~y = gm2mithlal (4.21)

Using (4.5), we obtain
itH, itH,
e nt Q}{V(eb ® hueg) e_TQd)a
_ 627r2itﬁ(Ha+bH2—HaH2)€27rhi(a+b/2)-Eg ° PU(ZTFFL((J, + %b))¢a+b
_ 627rih(a+b/2)~(§+27rtb)g ° PU(27rh(a + %b))¢a+b
= Q;;N <€b & hU{_’g) ¢a7

for each a € Z", where ~
£:=E+ 2Py (b) € UL,

and _
§:U—=C, pr ™ Org(p),

is again a Schwartz function on U, so e, ® hy; ég is a generator of C'gr (T*T"). It follows that
the set of generators of Ay is indeed invariant under the free quantum time evolution. [

Remark 4.5.2. Comparing the proof of Lemma 4.5.1 with the proof of the analogous Lemma
4.4.3, we see that (fort =1) & and § are both the same. Indeed, one can easily obtain

Q) o (2p)" =70 QY

which is analogous to a known result for Weyl quantization on R?™ (proved in higher general-
ity in [68, Theorem I1.2.5.1]). There is generally no such result for non-free time evolution.
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In order to deal with the general quantum time evolution, we recall some basic theory
about lattices that we need due to the appearance of the lattice Z" in T" = R"/Z".
A set of linearly independent vectors vi,...,v; in a lattice A is called primitive in A if
spang(vi, ..., v) = spang(vi,...,v,) NA. For instance, every Z-basis of a lattice A is prim-
itive in A. Furthermore, we have the following result:

Lemma 4.5.3. Let A C R™ be a lattice. Every primitive set vi,...,v; in A can be extended
to a Z-basis vy, ..., Vk, Vt1, .-, Um Of A.
Proof. This is exactly [73, §1.3, Theorem 5]. O

This will help us prove the main theorem of this section:

Theorem 4.5.4. Let V € C(T")sa, and define the self-adjoint operator H := Ho+ My with
domain dom Hy (see Lemma 4.5.1). Le.,
12 d*y

Hy=-——S""2 4V
¥ 2 d;lc]z+ ¥

—itH
for i € C(T"). Let (e™n )teR
the quantum mechanical time evolution on L*(T™), and let (;)ier be the associated one-
parameter group of automorphisms on B(L*(T™)). Then

be the corresponding one-parameter group implementing

Te(An) = Ap
forallt € R.
Proof. We claim that for each ¢ € R, we have

itHy  —itH
ek e h €A

Suppose for the moment that this claim holds true. Then for each O € Ay and each t € R,
we have

itH —itH itHy  —itH\ * itHy —itH
7(0) =e Oe™h =<e e h ) T,?(O)(e e h )

By assumption, the first and the third factors of the right-hand side (those within paren-
theses) are elements of Aj, and the second factor is an element of Ay by Lemma 4.5.1. Tt
then follows that 7(O) € Ay.

Thus it remains to prove the claim. As in the proof of [18, Proposition 6.1], we use the
fact that the product of two of the elements of the different one parameter groups can be
written as a norm-convergent Dyson series, i.e.,

it i el t  rt1 tm—1
B e Z(m)—m/ / / PO (My) o0 (My)dty, - dty dty.  (4.22)
0 0 0

m=0

The integrals in the above expression can be defined in the following way. First, observe
that the function

R — B(L2(T™)), t s 12(My),

is bounded and strongly continuous. It follows that the function

R™ — B(LA(T™)), (t1,....tm) = T (My) -7 (My),
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is bounded and strongly continuous. For each ¢ € L?(T"), one can therefore define the
integral

t tm—1
/0/0 /0 T2 (My) -+ 70 (My ) dtp, - - dto dty, (4.23)

using Bochner integration, and it is easy to check that the norm of the corresponding operator
is less than or equal to (m!)~t|™||V||", so that the Dyson series is indeed norm-convergent.
As in [18], because (4.23) is continuous in V' it suffices to prove the claim for potentials V'
that lie in a dense subset of C(T"). If we assume that V is in the span of {e,: b € Z"}, we
can write (4.23) as a sum of relatively explicit expressions. Thus, we are left to show that
for each t € R and each by,...,b,, € Z", the operator

t prty tm—1
O::/ / / Ttol(Mebl)'"Tt(i,,,(]\/[ebm)dtm"'dtla
o Jo 0

lies in Aj. A quick computation using (4.21) gives us

0 2724l blI2— 2
T (Mo, )ha = My, e Mlllatbl=llal)y,,
- Meb627T2itthH264”2“’11)“11/}(17

which shows that, for any v € L?(T") and [z] € T", we have

(T (M, ) (2] = e2miabe2nZintbl? [z + 27htb) .

Applying this formula many times, we find a function fy € C,(R™) that takes values on the
unit circle such that

(M )19 (Mo Yla] = TS ol )i [1’ +orhy tibi] .

The operator O looks like an integral operator, in the sense that we perform an integral over
the variables ¢; that appear as > ¢;b; in the argument of ¢. However, the b;’s may both fail
to constitute a linearly independent and a complete set of vectors in R™. Still, we can relate
O to an integral operator, which will be the subject of the rest of the proof.

We use a special case of Lemma 4.5.3 (extending an empty primitive set) to find a Z-basis
U1, .., v of spang(by,...,by) NZ". Because the b;’s are integral, this is also an R-basis of
spang (b1, . .., by). Expressing the b;’s in terms of v;’s as

k
bi: E CijUj,
j=1

we obtain

m k. m
0 |:x + QWthibi] =1 |:.’L' + QWHZZQCZ‘J'U]}

i=1 j=1i=1

k
= w[w 27ThZTo(t17~-7tm)jUj}v

j=1

for a unique surjective linear map Tp: R™ — R¥. By surjectivity, the map Ty admits a lift
to an invertible linear map T': R™ — R™ with respect to the projection R™ — R¥ onto the
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first k coordinates. Fix such a T, and perform a change of variables, replacing (t1,...,tm)
with 771(s). We get

k
OyYlz] = 2wy b |detT|_1/ fO(T_ls)z/) [:c + 27rh28jvj} ds,
K

j=1
for some compact subset K C R™. Let K’ be the image of K under the projection R™ — R*
onto the first k& coordinates, and define the function f;: R¥ — C by
f12 S(1) = |det T|71/]R N lK(S(l) ® 5(2)).f0(T71(5(1) @ ‘9(2))) d8(2>.

One easily finds that f; € L®(R¥). We are now left with the integral

k
Oylz] = 2w b /K/ fi(s)y {x + 2#712 sjv]} ds.
j=1

We want to relate the above integral to an integral over the first & components in T". For
this purpose, we apply Lemma 4.5.3 once more to extend vy, ...,v; to a Z-basis v, ..., v,
of Z™, and let S be the matrix whose columns are the vectors vy,...,v,. Since S and its
inverse are matrices in GL,(Z), we find that det S = 1. Moreover, S induces the group
automorphism [z] — [Sz] of T, which we can pull back to the unitary map

U: LX(T") — LX(T"),  Uyla] := ¢[Sa],

for which it is straightforward to check (on generators of A;) that U~'A,U C A,. For
0 =1 ® 2 € L2(TF) @ L>(T"*) we have, denoting b := 3", b;,

k
UM, ,0U Yol /f1 U™ 99[ )+2wh;sj5(ej)] ds
= ./K/ fi(s)e [z + 2nh(s ® 0)] ds

= /KI f1(s)er (mm + 2mhs + Z’“) 2 (x@) T Zn—k) ds

= /Tk f2 <$(1) + Zk, s) p1(s) ds @2 (90(2) + Z”_k) ,

where © = (1) © 29y and f2 € L®(T* x T*) € L*(T* x T*) denotes the function

fa(r,s) := Zfl(#)y

Mezk

where ¢ denotes the canonical map T — [0,1)*. Note that the above sum has only finitely
many nonzero terms since f1 is compactly supported.
In conclusion, we have proved that

0 =M, U HFeI1)U,

for a Hilbert-Schmidt integral operator F € K(L?(T*)) with kernel fy € L?(T* xT*). By part

(3) of Proposition 4.3.3, any compact operator, like F', is inside the resolvent algebra on T,

By part (4) of Proposition 4.3.3, this implies that F @1 € Ay, and hence U"H(F®@1)U € Ap.

As M., is the quantization of e, ® 1gn, we find O € Aj. As we have seen, linearity and
itHy it

continuity of the Dyson series imply that eile i € Ap, and this implies the theorem

itself. O
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4.6 Weyl quantization on 7T*T" is almost strict

The following definition is equivalent to [68, Definition I1.1.1.2], other definitions of strict
deformation quantization are reviewed in [56, Section 2].

Definition 4.6.1. Let Ay be a complexr Poisson algebra densely contained in a C*-algebra
Ao, satisfying {f,9}* = {f*,g"}. A strict deformation quantization of Ay consists of
a subset I CR with 0 € INT\ {0}, a collection of C*-algebras {Ap}ner (with norms || - ||n)
and a collection of injective linear *-preserving maps Qp : Ao — Ap (h € 1) such that Qq is
the identity map, Qn(Ao) is a dense *-subalgebra of Ay, (h € I) and for all f,g € Ap:

lim |Qn(£)@n(9) — @n(f9) =0 (von Neumann’s condition);
tim [(-i0) 7 [Q4(F). Qu(9)] - Qu({£.0D)| =0 (Dirac’s condition)
the map I —R, he ||Qu(f)|| is continuous (Rieffel’s condition).

Looking at this definition, we immediately see that Qp, = QXV is not a strict deformation

quantization, because Q}Z)V is not injective. One does however have many of the above
properties. The following theorem is proven in [81, Theorem 22] and [100, Theorem 7.8].

Theorem 4.6.2. Let I :=[0,00). Then, except for continuity at h > 0, the triple

(I {An}ner, {QY : SR(T*T™) — An}rer)

is a strict quantization of the Poisson algebra Ay = Sr(T*T"), i.e., QXV is a linear *-
preserving map such that QY is the identity map, QXV(AO) is a dense *-subalgebra of Ap,
both von Neumann’s condition and Dirac’s condition hold, and the map

I=R, k= ()l

is continuous at 0.

The above theorem justifies us in calling the map QXV a strict quantization map, because,
when defined on the index set I := {0} U 1/N, it is an actual strict quantization as defined
in [68, Definition II.1.1.1]. This palliative discretizing of I is also needed in geometric
quantization, as discussed in [56], and is needed here because of the following lemma.

Lemma 4.6.3. Rieffel’s condition away from zero does not hold for Q) defined on an index
set I that contains an open subset.

Proof. Let hg > 0 be arbitrary, and consider the function f = ey ® h, where the function h
is defined as follows:

hZRn%R7 p:(p1>p27"-7pn)'_>8in (%)

Note that h can be written as the sum of two generators of WO(R™) C W% (R"), so f €
Sr(T*T™). Furthermore, h vanishes at each point in 27whg - Z", hence Q};X( f) = 0 by the
definition (4.5), or equivalently, HQ}{Z(f)H = 0. On the other hand, for each N € N\{0}, let

1
Ani=hy 14+ — ).
N o< + 4N>
Then ||Q}1’\;, (/I = 1; indeed, we have ||Q,‘{Yv(f)|| < ||hllec = 1, and equality holds since

O (F)Y(v,00,..0) = Y(N.00,..0) -
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Thus, while limy o Ay = ho, we also have
Jim QL (Ol =1# 0= (A,

so the function & — ||Q)V(f)]| fails to be continuous at hy. O

In the next chapter, we will reveal the failure of both injectivity and Rieffel’s condition
as being artifacts of the regularization procedure that tries to describe a gauge theory on
a finite lattice. The above remarks about strict (deformation) quantization play a key role
in obtaining the correct continuum limit, and, vice versa, the continuum limit will solve the
problems addressed above in a remarkable way.
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Strict Deformation Quantization of Abelian Lattice Gauge Fields

This chapter, adapted from [79], shows how to construct classical and quantum field C*-
algebras modeling a U(1)"-gauge theory in any dimension using a novel approach to lattice
gauge theory, while simultaneously constructing a strict deformation quantization between
the respective field algebras. The construction starts with quantization maps defined on
operator systems (instead of C*-algebras) associated to the lattices, in a way that quantiz-
ation commutes with all lattice refinements, therefore giving rise to a quantization map on
the continuum (meaning ultraviolet and infrared) limit. Although working with operator
systems at the finite level, in the continuum limit we obtain genuine C*-algebras. We also
prove that the C*-algebras (classical and quantum) are invariant under time evolutions re-
lated to the electric part of abelian Yang-Mills. Our classical and quantum systems at the
finite level are essentially the ones of Chapter 4, which admit completely general dynamics,
and we briefly discuss ways to extend this powerful result to the continuum limit.

5.1 Introduction

As mentioned in the introduction, constructing a field algebra for the continuum limit of a
quantum abelian lattice gauge theory roughly comes down to two problems, firstly to define
the system at the finite level, and secondly to define the limit.

The resolvent algebra on the torus introduced in Chapter 4 seems to be the ideal field
algebra on the finite level. If the gauge group is T™ = U(1)" and the lattice has k edges,
the resolvent algebra on T is a C*-subalgebra of B(L?(T")) containing K(L?(T™) and
a copy of the crossed product algebra C(’]T"k) 5 T while being preserved under time
evolutions by Theorem 4.5.4. Moreover, like the crossed product algebra it contains, the
resolvent algebra on T admits a gauge group action, admits embedding maps related to
addition of edges, and has a reasonably good notion of a classical limit. However, Section
4.6 also uncovered a few problems with that same classical limit, namely that the respective
quantization map lacks injectivity as well as Rieffel’s condition, and therefore does not define
a strict deformation quantization.

With regards to constructing a continuum limit, another challenging problem has been
identified in [100]. Whereas the embedding map for adding an edge to the lattice is easily
defined by construction of the resolvent algebra, there are severe obstructions against a *-
homomorphic embedding map for the subdivision of an edge, as explained in [100, pages
247-249]. These problems are more or less independent from the field algebra one chooses
at the finite level; one can easily see that the same problems arise for the crossed product
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algebra C(T™) x T™ and that the situation for C(L?(T™*)) is even worse.

The current chapter solves all of the above problems simultaneously, by letting go of
the need for multiplicativity of the embedding maps. On each lattice, we restrict ourselves
to a subspace of the classical C*-algebra on which the quantization map (4.5) is injective.
This subspace and its image under quantization turn out to be only operator systems, and
not algebras. At first, this appears to distance us from the powerful C*-algebraic approach.
However, on these operator systems, both the classical and quantum embedding maps are
now naturally defined and commute with quantization. Moreover, the ensuing limit of op-
erator systems turns out be a *-algebra lying dense in a C*-algebra, thus recovering the
C*-algebraic approach.

This ‘operator systemic’ method has many advantages. The obtained quantum embed-
ding maps respect the gauge action, which becomes very important when one wishes to make
the step from field algebras to observable algebras. Moreover, in the continuum limit, the
quantum and classical theory behave even better than in the case on the lattice, in the sense
that they form a strict deformation quantization, satisfying all conditions of [68, Definition
I1.1.1.1 and 11.1.1.2].

For these reasons, the operator systemic method seems to improve upon the existing
literature. In most operator algebraic approaches to lattice gauge theory (e.g., [1, 12, 13,
50, 100, 102]) one uses inductive limits of C*-algebras instead. We validate our deviation in
§5.2.2.

The emergence of a strict deformation quantization counts as another validation of our
method, but is also remarkable in itself. Most notably, it involves two limits; besides the
usual limit 7 — 0 also the limit of lattice spacing tending to zero becomes important. The
interaction between these two limits complicates the proof at most places, but in other places
is the very reason the result holds.

Section 5.2 constructs the classical C*-algebra on the continuum, the quantization map on
the continuum, and the quantum C*-algebra on the continuum. The classical and quantum
C*-algebras are shown to be invariant under time evolution related to the electric part of
abelian Yang—Mills [62] in §5.2.4. Section 5.3 gives the proof of strict deformation quantiz-
ation, and forms by far the most technical part of this chapter.

Notation. We denote G := T", g := R” and g* := R". Elements of G! for a finite set
I are usually denoted by ¢ or [z] where [z] := x 4 (Z")! for € (R™)!. We denote by L,
the left-translation on G, i.e., L[yl = [z +y]. We denote by ¢ the function 2+ €%
and by e, the function [2] > > for a € (Z")!. We denote by 1, the equivalence class
of eq in L?(G'). In any metric space, By(x) is the open ball around z with radius d. We
let B := By/9:(0g) C g, remarking that = > [z] is a diffeomorphism on B. By an operator
system we mean a linear subspace of a unital C*-algebra that is preserved under * and
contains the unit. We do not require operator systems to be closed.

5.2 Operator systems and limit C*-algebras

Lattices. For simplicity, we take our time-slice to be R, although any metric space would
work. Throughout this chapter, a lattice is a finite subset I € RP x RP such that, using the
lexicographical ordering of R”, we have x < y for all (z,y) € [, and, we have tz + (1 —t)y #
sz+ (1 = s)w for all (z,y),(z,w) € l and all 0 < t,s < 1. The elements e = (z,y) of a
lattice [ are interpreted as directed straight edges from x to y. Thus, all we ask of a lattice
is that its edges do not intersect, except possibly at their boundaries. The set of all lattices
becomes a directed set, denoted (£, <), when we agree that [ < m if and only if the lattice
m can be obtained from [ by adding and subdividing edges in the sense of [1]. Put precisely,
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I < m if and only if for all (x1,22) € I there exists N € Ny and 0 < ¢} < --- < ty < 1 such
that for ys := (1 — ts)z1 + tsxe we have (z1,y1), (Y1,92),- .-, (Yn—1,Yyn), (yn, x2) € m. We
say these edges (x1,41), ..., (Yn,x2) in m are obtained by subdivision from the edge (x1, z2)
in [. Of course, m can contain elements not obtained in this way, which we say are added in
passing from [ to m. We endow every edge e = (z,y) with a length d. := ||z — y]|.

Let us compare our notation with the one in [1, 100], in which an index set I is used,
and {A;}ies is the net of finite lattices, including a set of vertices AY, a set of edges A}, and
a set of plaquettes A?. In our situation, the elements [ € £ can be identified with the sets of
edges Azl. Because we will not reduce to the gauge group and only discuss the electric part
of Yang—Mills dynamics, the vertices and plaquettes will play no role. By our definition of
1 € £ and simply following set notation, G! denotes the set of functions from the edges in
to elements in G, or equivalently ordered tuples of length || with elements in G.

5.2.1 The finite and continuum classical systems

The continuum phase space. Throughout this chapter, the configuration space associ-
ated to each edge of a lattice is the compact abelian Lie group G = T". Its Lie algebra is
g = R”, and the associated exponential map g — G is given by = — [z]. The phase space
X! associated to a lattice I € £ is given by the cotangent bundle of the Lie group G', i.e.,
X! = T*G! = G x (g*)!. In order to define connecting maps between X! and X™, for
lattices | < m € L, we use the fact that m can be obtained from [ by recursively applying
two operations: adding an edge to the lattice and subdividing an edge of length d into two
edges of lengths d; and de with di + d2 = d. In that manner, we define connecting maps

Yim = (’chr(;;‘fvlylle;)m) (GMx (g*)m — Gl X (g*)l

by recursively composing embedded versions of the maps v,qq = (vgggf, ymem) + G2 x (%)% —
G x g* and ey, = (YR, 4mom) 1 G2 x (g¥)2 — G x g* defined by

Aol foa]) o= for) (0, ) =
div1 + dav
AR (ol o) = o + 2] AR, 0g) o= DT

These embedding maps arise naturally by interpreting x. € G as the parallel transport along
the edge e and v, € g as the average rate of change along e. One could replace ‘average’ by
‘total’, at the cost of a slightly different quantization map. By construction, the surjective
maps v, : X™ — X! for I < m € £ define an inverse system of topological spaces. The
ensuing inverse limit is denoted as

X* =lim X' = lim G’ x lim(g*)!, v = (37", 4m) - X = XL
— — —

One can naturally embed any phase space of classical gauge fields (the continuous ones, the
smooth and compactly supported ones, etcetera) in X°°. Because any element of X ! can be
extended to such a field, we find that ~; : X*° — X' is surjective.

Operator systems. The classical system on the lattice [ € £ can be described by the
commutative C*-algebra introduced in Chapter 4, namely

Ay = Cr(T*G") = C(G") @ Wr (")),

where WY ((g*)!) is the C*-subalgebra of Cy,((g*)!) generated by the commutative Weyl C*-
algebra WO((g*)!) from [8] and the commutative resolvent algebra C ((g*)") from [78]. The
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reason to work with the unital C*-algebra Af) is that Aé and its Weyl quantization are
conserved under fully general dynamics in the sense of [81]. In contrast, the C*-subalgebra
C(GY @ WO((g*)) C AL, where WO((g*)!) := span{e’ : ¢ € g'}, is only conserved under
‘free’ time evolution [81]. As explained in Chapter 4, A} is the closure of the *-algebra A}
defined by

Al := span {eb ® e (go Py)

be (Z"), U C ¢ linear,
g€SWU), geCEW), ced']
For this chapter, we will only need that any element of Af) can be written as Zszl gk @ hy

with hy € Cy((g%)") an (inverse) Fourier transform hy, = jiy := [ duy(€)e™ of a compactly
supported finite complex Borel measure p;, on g'. We can thus define the operator system

MY :=span{g® i € A} : supp(p) € B'} C A,

where B = By /5,(0g). The *-algebras Al are endowed with the connecting maps ~;, : A} —
', whose restrictions to the operator systems ./\/lf) we denote as

Fgll = ’YZ*m‘Mé : Mf) — M6n7
and refer to as the classical embedding maps. We define the *-algebraic direct limit
AG® = lim Ap,

and identify A° C CL(X*°) by identifying the universal map Fév : AL — A with the
restriction of the isometry 7} : Ch(X') — Cp(X°°). To describe A, it turns out we only
need to regard the operator systems Mf). To prove this, we first introduce the following
useful notation.

Definition 5.2.1. For a lattice | and a positive integer R, we let [ > [ be the lattice obtained
by subdividing every edge of | into R edges of equal length.

Lemma 5.2.2. The direct limit of *-algebras .Af) is also the direct limit of the operator
systems MY, in the sense that we have

F={fowm:lekL, fe M (5.1)

Proof. By recursively composing the maps
sub L d1 d2 add o

we obtain a direct system of linear maps S™ : g! — g™ (I < m € L) allowing us to write
the classical embedding maps as

FE(g® 1) = (9o i) ® (S7p)". (5:3)

For every FL(f) = foy € A3 we can write f = >, g ® ju, for compactly supported
measures py. Choose R such that supp(ug) C BR/Q,,(OB)I for all k, and consider the lattice
1% > 1. Every edge e € 1T satisfies d, = %dc/ for the edge €’ €[ it lies in. Hence

5)5 = %fe’v

and so S""!(supp(ur)) C SZRZ(BR/QW(OB)Z) - Bl/Qﬁ(Og)lR = B". As §'"! is a closed map,
we therefore obtain supp(SiRluk) C B™ for all k. Then (5.3) gives foyr € /\/IIOR7 S0
FL(f) = (f oyyr) o yr is in the set on the right-hand side of (5.1). O

17
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Remark 5.2.3. Two arbitrary functions in AF° can be written as fiov;, faoy for a certain
l e L. Indeed, given f{ oy, 50y, € AY, one takes the supremum | of i and ly (this
corresponds to the coarsest lattice that is finer than both 1y and lz), and writes f]’ oy =
(fj’ o) o = fjovi. The same goes for k functions fi oy, ..., fx o

The first use of this remark is in defining a Poisson structure on AZ°. The Poisson bracket
of f1 0, and fo 0 is defined as

{from, faon} :={f1, fo}om,

in terms of the Poisson bracket on A}, which is a Poisson subalgebra of C*°(X'). To show
that the above bracket on AJ° is well defined, it suffices to show that {fi o Y, f2 0 ym} =
{f1, f2} © Yim for all I < m. This follows from the analogous statement for Y,qq and Ysup,
which can be straightforwardly checked.

5.2.2 The quantum systems and quantum embedding maps

To each lattice | € £ we will associate an operator system modeling the quantum system.
This operator system is defined as a quantization of ./\/lé under a quantization map Q% that
defines an extension of Weyl quantization. Recall that every f € ./\/lf) can be written as
=319k ® fiy for g, € C®°(G') and supp(uy) € B' C ¢', where B = B1/2x(0g). Notice
that h¢ € B! for every h € [—1,1] and £ € supp(ug). We define the quantization map on the
lattice [ to be

Qh s My — B(L*(G"),
K K
Qi(ng ® uk)w[y} = / dpi () grly + ShEIYly + he). (5.4)
k=1 =19

A simple calculation shows that, acting on the wave functions v, [z] := > (q € (Z™)!),
this quantization map has the simple form

Qh(ep ® h)g = h(2mh(a + 30))Yatb (5.5)

and therefore coincides with the one in Chapter 4. Moreover, when b is small enough, it
coincides with Weyl quantization on the Riemannian manifold T as given in [68, Definition
11.3.4.4], as the cutoff function  used there becomes 1 when we restrict to M§. The insight
used by this chapter is that, restricted to the operator system MY, the quantization map
is injective. To see this, let f = Ej e, ® hj € MY be such that Q%(f) = 0. By (5.5),
hj(27rh(a+%bj)) =0 for all j and all @ € (Z"). For a fixed j, since supp(p;) C Bl/(Q,,h>(Og)l,
the Whiitaker-Nyquist-Shannon theorem implies that h; = fi; is determined by its values
on the points whb; + 27ha, a € (Z™)!. Therefore hj = 0 for all j, and therefore f = 0. Hence
Q' is injective on M.
The quantum system associated to [ is defined by

Mj, = Q) (M)

As Qﬁl is linear, unital, and *-preserving, ./\/lﬁl is an operator system.

Example 5.2.4. A notable subset of M} is 2' := span{g @ ¢ : g € C®(GY),¢ € B'}.
This subset generates the C*-algebra C(G') & W°((g*)!), which can be seen as a classical
Weyl C*-algebra on the torus [8, 78, 81] that lies inside AL = AL, The image of W under

the above quantization map generates the crossed product C*-algebra C(G') x G'. Indeed, we

have Q},(g @ €) = MgoLy,e s Lipe)-
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Remark 5.2.5. The above example in particular suggests that our approach is generalizable
to nonabelian groups, although this might require considerable analytical effort. It is in
any case reasonable to require the quantization map Qﬁl on a nonabelian group to satisfy
Qﬁ,/(g ®eil) = AJQOLexp(ngﬂ)L:xp(hg)’ where exp is the Lie-theoretic exponential map.

Direct limit of Hilbert spaces. To model the quantum system in infinite degrees of
freedom, we will eventually construct a noncommutative C*-algebra that is canonically rep-
resented on a Hilbert space. This Hilbert space is the limit of the following direct system of
Hilbert spaces:
/Hl . L2(Gl) uml . fy(:()nf)* . rHl N er
= , : : .

— \lm
Passing to the direct limit, we denote

H*® =lmH, o = (v Y H = Ho.

To define a direct limit of the operator systems M%, we need to define the embedding maps
and show that they satisfy the needed properties.

Quantum embedding maps. The quantum embedding maps are defined by quantizing
the classical embedding maps, i.e., for all | <m € £ and all f € Mf) we define

Fé"l ML= M
FZYQi(f) = QR(FE'(f)),

which is unambiguous by injectivity of Qlﬁ.

Example 5.2.6. The embedding map Fédd is given by tensoring with 1, which exemplifies
why our quantum systems should be unital. The embedding map Fé“b is best understood on
elements of C(G') x G'. As depicted in Figure 5.1, we have

b * *
3 (MgL[g]) = ]VIgOHL[cLl5 day ],
d > d
where g € C(G), & € B and p: T x T™ — T is given by u([z1], [x2]) := [v1 +x2]. One sees
the metric structure (encoded in dy, da, and d) at work, and notices that the well-definedness
of the UV-limit hinges on the use of operator systems.

Remark 5.2.7. As in Remark 5.2.5, we briefly touch upon the nonabelian case here. The
embedding maps for adding an edge do not have to be altered when G = T" is replaced
by a nonabelian group. The embedding maps for subdivision generalize as well, giving in

particular F5Ub(MgLpr(§)) = MgouL* (dlg ds ), where (1 is the group multiplication. We
ex; a8 d
see this as an encouraging sign, but will again take G abelian in the rest of this chapter to

keep the discussion simple and the results as strong as possible.

Our quantum embedding maps contrast with those used in the existing literature on
C*-algebraic lattice gauge theory [1, 12, 13, 50, 100, 102] because ours do not define a direct
system (inductive system) of *-algebras. They therefore warrant some motivation.

We assume the situation of Figure 5.1 and Figure 5.2, where G = T = U(1) and a lattice
| consisting of a single edge is compared to a lattice m > [ with two edges. There exist
multiple observables on the lattice m that have the same behavior when restricted to [. This
can be seen in Figure 5.2, in the formulas, or by interpreting the gauge field as rigid rotors



Strict Deformation Quantization of Abelian Lattice Gauge Fields

I M,L,,
- . (1/4] GleT

mi

175

Mo Lfi 515

Figure 5.1: A depiction of an operator MgL’["1 /a) € M% and its image under the quantum

embedding map, where G = T, [ has one edge, and m = [>. For the picture, g is supported
closely around [1/4] € G!. The embedding map clearly respects the gauge action coming
from the central vertex of m.

associated to every edge, as in [62]. Indeed, the two rotors associated to the two edges of m
can either both be turned clockwise by a quarter circle, or both anti-clockwise by a quarter
circle. When describing the gauge field by a single rotor, the two operations appear as the
same observable (see Figure 5.2).

(1/2] =

Iz Iz

//), Y
1

yal /

Moo Ly 1411 MgouLi_y /s —1 /4

I M, L
— A

«
<

/

Figure 5.2: The quantum embedding map does not extend in a multiplicative way from
M% to the algebra A% generated by Mlh If we would try, we would end up with two

representations of the same observable in Agl being mapped to two different observables in
m
.

Therefore, if one wants to interpret an observable on a lattice [ as an observable on the
continuum, a choice has to be made. We make this choice by restricting at any finite level
to observables that rotate any rotor less than a certain amount, so that an embedding of
such an observable can be made by fairly distributing that rotation over the smaller rotors
that make up the original one. Clearly, this means giving up on multiplicative structure.

137



Chapter 5

138

This is not against the C*-algebraic philosophy, however, which states that one can describe
any physical system once we have a sufficiently rich C*-algebra of observables. The set
of observables at a finite level makes up but a subset of the full algebra, and is therefore
not required to completely describe a physical system. Only the full set of observables,
with arbitrary lattice size, can discern between any two gauge fields, and can therefore be
expected to form a *-algebra (lying densely in a C*-algebra). That is indeed what we will
prove in Proposition 5.2.9.

As further motivation of our quantum embedding maps, and to be used later, we show
that they intertwine the direct system of Hilbert spaces given by u™ : H! — H™.

Lemma 5.2.8. Forl<m e L and O € ./\/l% we have
FS’I(O)uml =u™O.
Proof. Similar to (5.2), we define
T29(E) = (£,0)  T(E) = (&,9),
to obtain a direct system of linear maps 7™ : g' — g™. We account here that
WX)E = XSS A = AT Ao T = idy,  (56)
such that, in particular, ™, = Ypmi(qy for all a € (Z™)!. For f = ey, @ h, we get
Qi (f © Yim)u™ha = QR (f © Yim)Vrmi(a)
= (™ (2rA(T™ (@) + 5T™ (6))) Y rmt (a1 (p)
— h@rh(a + 1) s,
80 QT (f 0 Yim)u™ b = u™ Q% (£)%a, which implies the lemma. O

5.2.3 The continuum quantization map and quantum system
To define Q}°, we define Q3°(f o) € B(H™) by its action on v € H>®, where m > I,
namely

QX (fomu™y =u" QR (foym)y (¥ €H™).
To show that this is well defined, we use Lemma 5.2.8 and find, for all n > m > [ and
Y eH™,

u"Qp(f o i) u""p = u"FG™ Q' (f © Yim))u""

=u"Qy (f o vm)¥,

and conclude that Q°(f o ;) is well defined on the dense subset Uy u™H™ C H>. If we
write f =", gr ® i, we obtain,

QR (f o v)u™ vl = 1QF (f o W) ¥lla < D gk llog skl 1™l
k

Therefore Q° : A® — B(H™) is well defined, and [|Q3°(f o)l < 3 1lg ]l sl inde-
pendently from A. The above also shows that

QR (f eIl = sup QR (f oyl = Tim [| Q5 (f © Yim) [ - (5.7)

We define
7= QR (AR) = {F5(0): e L, Oe M}

We write AP instead of M}° to suggest it is in fact an algebra.
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Proposition 5.2.9. The operator system A = Q°(A°) is a *-algebra.

Proof. By Remark 5.2.3, we only have to show that Q°(f10v)Q:°(f2 0v) is in Ap°. Write
O1 == QL(f1) and Oy := QL(f2). Because we cannot take their product in the operator
system ./\/llﬁ, we first subdivide the edges of [ to obtain the lattice [? defined by Definition
5.2.1. A straightforward computation shows firstly that

Fp' (0N Fy'(02) € My,
and secondly that
F3' (00 Fg!(02) = F§" (Fy'(01) Fy'(02),
for all m > 2. Using this formula and Lemma 5.2.8, we obtain
Q°(from)@ (fa o m)u™p = u™ FF (O1) F5" (Oa)¢
& (Fy' (00 FG ' (02)u™,
for all u™y € H<. Hence, Q(f1 0 )@ (f2 0 w) = FG(FS(ONFS 0) € A, O

Taking the closures of A C C,(X*°) and AP C B(H>), we therefore obtain C*-algebras
AF and Ap°. By Theorem 5.3.1, we are justified in saying that the noncommutative C*-
algebra A?° is obtained by strict deformation quantization of Ag°.

5.2.4 Time evolution

Before moving on to strict deformation quantization, we state two promising results with
respect to time evolution. They show that our C*-algebras are invariant under the natural
extension of free time evolution to the continuum limit. On the finite level, these results
are strengthened to invariance under all time evolutions in Theorems 4.4.8 and 4.5.4. The
combination of the results here and in Chapter 4 indicates that we are on the right track to
obtaining classical and quantum C*-algebras that are invariant under respectively classical
and quantum Yang—Mills time evolution.

Theorem 5.2.10. The C*-algebra A C Cy(X ) is conserved by the time evolution given
on a lattice | € L by the Hamiltonian Hy : T*G' — R, Hy(q,v) := D ec dev?, where dizy) =
=yl

Proof. Every Hamiltonian H; induces a time-evolution Tl : R x Al — Al by [81, Lemma
10]. It can be checked that Hj o yym = Hyy, and therefore 7p,(t, f o fylm) = 12(t, f) o Yim. We
conclude that the time-evolution

Tt AF S AF, %t fom) =Tt ) om
is well defined. O

Theorem 5.2.11. The C*-algebra Ay C B(H™) is conserved by the time evolution given

on a lattice | € £ by the Hamiltonian H; := D ecr deAe, where A, is the Laplace operator on
the e copy of G in GL.

Proof. These Hamiltonians define a continuum Hamiltonian H. in H>® with domain

dom Hy, = U u!(dom H)) = U uH(C(GY),
leL leL
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namely Plooulzﬁ = ulHypp. Straightforwardly, one checks well-definedness and essential self-
adjointness. By [81, Remark 27], we have

QR (f om)e oo = we I QR (f o e
= u"QR (it ] ©m)) ¥
= u" QR (1, £) o Wm )
= QR (e (&, f) ompu™v.

Therefore, eithQ?(f o 'yl)e*i”}Oo =QX(TP(t, f) o) € AP for every t. O

5.3 Strict deformation quantization

In this section we prove our main theorem, which is formulated as follows.

Theorem 5.3.1. Let QF° := id g2. Together with the subset I = [~1,1] and the C*-algebras

{A Y her, the maps {Q5° : AG° — A }bher form a strict deformation quantization of AF.
For readability, the proof of Theorem 5.3.1 is split up into Propositions 5.3.2, 5.3.3, 5.3.4,

5.3.5, 5.3.7, and 5.3.11.

Proposition 5.3.2. The map Q5° : AP — Ap° is linear and *-preserving for all h € I.

Proof. Linearity is obvious, so we are left to prove that Q°(f)* = Q(f) for f € A.
Given foy, € A and u™p™, u™p™ € H>, choose p > I, m,n. By using that @}, : A — AL
is star-preserving by Proposition 4.3.3 (which can also be derived directly from (5.4)) we get

(QF (F oM™ 0™ ") = (P Q(f o™ U, P ")
= (@ o)™ )

WP, QAT o ")
= wm™, QRR(T o M),

o~ o~~~

Therefore Q5°(f o v)* equals Q°(f o) on a dense subset of 1, hence on the whole of
H> by boundedness. O

Proposition 5.3.3. The map Q3° : AT — Ap° is injective for all h € I.
Proof. Suppose Q7°(f o) =0 for some f € M}, Then
0= Q3 (f o m)u'v = u'Q}(f)v
for all ¢ € H'. So 0 = QL(f), and, by injectivity of @}, f = 0. O

Proposition 5.3.4. (von Neumann’s condition) For all f,g € A§°, we have
lim Q7 (/)QF¥(9) ~ QX (F9)ll = .

Proof. The proof is based on that of [81, Theorem 22(2)], but more complicated because
Q5° is defined on H*°, which includes all H™. Therefore, estimating an operator norm in
B(H>°) amounts to taking a supremum over m. For two lattices | < m € £ and a function
ey @h e Mf) we have,

conf

(er @ h) 0 Yim = €™M @ (h o ™) = egmiy ® (h o Y™
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where we used (5.6). Combining this with (5.5) and (5.6), we find

QR ((eb ® h) 0 Yim)tba = h(oi™ (2mh(a + 5T (5)) Yaprmi(e)
= h(2rh(yip™ (@) + 50)¥ayzmi) -
Fix fi = ey, @h1, fo = €p, @ Do € Mé for an [ € £. By bilinearity and Remark 5.2.3 it suffices

to prove the proposition for f = fj o4, and g = fa07;. We note that if O = F(a)1a1p for
some F' € Cp,((Z")™) and b € (Z™)™, then clearly [|O| = sup,eznym [|Otally. We find,

sup sup H(Q;}n(flfQO’ylm) 7@;{1(]01 O'Ylm)Q%n(fQO’ylm))waHQ

meL>y a€(Zm)™

< sup  sup |h(2rh(ypd™(a) + 3b1 + $b2))he(2mh(Yim (a) + 2b1 + $b2))
meL>y ac(Z™)™

— ha (2™ (@) + b1 + b2))ha (27 h(~jn™ (@) + 5ba))
< Nhalloe w2105, hallog + 7Bl {|Opy hall o ([Pl — 0 (R = 0),

where 9, denotes the directional derivative. By (5.7), this completes the proof. O

Proposition 5.3.5. (Dirac’s condition) For all f,g € AF°, we have
lim [|(=ih) M QR°(£), QR (9)] — Qi ({ £, 9})[| = 0.

Proof. Similar to the proof of Proposition 5.3.4, we obtain

sup  sup
mEL> ag(Zn)m

(FIQR U =) QR 220 = QU1 ©m 70D )

i

h

< sup sup (h1 (27 R(V[a™ (@) + ba + 2b1)) he (27 A(Y[R™ (@) + Sb2))

B meL>y ac(Zm)™

— by (2B (@) + $b1)) ha (2A(3™ (@) + by + b)) )

—omi ((%zhl Ry — hy - Oy, hg) (27rh('yﬁ;;’“‘(a) + (b + bg))) ‘
—0 (h—0),

which by (5.7) completes the proof. O

5.3.1 Rieffel’s condition at zero

Rieffel’s condition is all that remains to prove in order to establish our main theorem. Its

proof is by far the most difficult component of this chapter, and is split into two parts, the

first part giving continuity around # = 0 and the second part giving continuity elsewhere.
For the first part we will use the following lemma.

Lemma 5.3.6. Let f = Zszl gr @ fi, € Mé forl e L. For every m > 1, we have

1l = [FE )| = sup
.

’

K
Y- [ @05 @) i
k=179

where, on the right-hand side, the norm is the operator norm on B(L?*(g™)) and the integral
is interpreted strongly.

141



Chapter 5

Proof. The first equality is immediate, as F?! = (v;,,)* and 4y, is surjective. By (5.3), it

now suffices to prove the lemma in the case where [ =m, so ’ylc,‘f;lf id and S™ = id. We

obtain
/]l = sup ng /duk (©)eE ‘
qeG! oo
— d it
= sup bup (&) gr(q)e™ (- )H
qeGtpeL?((g
¥ Hrl
=sup sup dpr (€)gr(@)d (-
q€C! JeL2(g)
le\rl
by using Parseval’s identity twice in the last step. The lemma follows. O

Proposition 5.3.7. (Rieffel’s condition at 0) For each f € A3, we have
li 20 =
Lim [|Q (NI = [1fllo

Proof. Let foy, € AS° be arbitrary, for arbitrary I € £ and f € M}. Write f = Zszl I [
We need to prove that ||QP°(f o ;)| converges to ||f oy, = || fllo, Which by (5.7) comes
down to showing that [|Q7*(f o vim)|| converges to || f||., uniformly in m.

For proving lims_ [|Q7°(f o )|l = || fll, We can simply use the similar statement for
QL. Indeed, [100, Theorem 7.8(1)] gives

fim 197 (7 0l = Jim sup |QR(S o) = tim Q40| = 11

The reverse inequality, however, is considerably more difficult. For any € > 0, we will
need to construct an iy > 0 such that for all |i| < kg we have [|Q7(f o yim)|l < [[f]loo + €
independently of m.

Let € > 0 be arbitrary. We define

K
Q=Y llgrlloo ey - (5-8)

k=1

and remark that [|Q°(foy)| < @ for all A € [-1,1]. Pick N € N and distinct points
x1,...,xy € G such that for

7= sup 1nf d(y,mj)
yGGl]_

we have B,[0p] C (Bi/2:[04])", as well as r < 1/4 and

d(x,y) <2r = |gi(x) — gr(y)| < (5.9)

€
12Q 37 [lprlly
We define, for all j € {1,..., N} and § > 0, the sets
Vs;={y € G d(y,z;)+ 0 < d(y,ay) for all j' # j}.

We have Vs ; C Vo ; C La; (Bl/Q,T[O]Z)‘ Choose ¢ > 0 such that § < r and

€
VOl(Gl \ U?’:l%,]) < TQQ
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Choose hg > 0 such that

1)
max h < —. 5.10
£€Uy supp(ug) H OgH 2 ( )

Let i € [—1, 1] with |A| < Fip be arbitrary. Let n > [ be arbitrary. Let m € £ be the (unique)
lattice for which I <m <n, m Cn and m\ {e} # [ for all e € m, i.e., m is made from [ by
subdivisions, and n is made from m by additions of edges. As ngdd is isometric,

HQ;{(fOIW’Ny)” = ||F5m(QgL(f O’Ylm))H = ”Q%n(f 0717rb)||7 (511)
so it suffices to prove that || Q)" (f o vim)| < || fllo + € Define
Vag = (i) (Veg), V= UL Vs,

as depicted in Figure 5.3a. It is casily checked that U — (vforf)=1(U7) preserves volume.
Hence vol(G™ \ V) < €/(3Q?). Choose 1) € H™ such that |||, = 1 and

Ty T T3 Ty Tj
t H H H t T I t t t i T
V;S, V‘. V‘,e Vs, ¢ Vi \J conf
1 5,2 0.3 4 TV/L,%M 0.j T'Ylm f
T2 T2
Vsa
Vsa N
Vs Uy
Vss
Us
(a) The subspaces Vs ; := (v£) " 1(V5.;). (b) The subspaces Uy, ..., U for a fixed j.

Figure 5.3: Dividing the configuration space G™ = T? into small subspaces when m has two
edges (of different length) and [ has one (so that G! = T).
€
QR (f ©m)¥ll3 = 1QF(f © v )II* 3 (5.12)

We now claim that there exists a point gg € G™ such that

€

Lo QR o )b < vol( @™\ 1)@ < 5. (513)
G™\Lgy (V
Indeed, if there were no such gy € G, we would obtain
vl @™\ Q< [ day [ dglQ (o))
m "\Lgy (V)

_ / dg / dao | QY (f © ) (a09)
Gm\V Gm

= vol(G™ \ V) |QF"(f o um)¥ll3 < vol(G™ \ V)Q?,
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which is a contradiction. Therefore a gy € G™ satisfying (5.13) does exist, and is fixed
throughout the rest of the proof. Using (5.12), we conclude

1QR (o m)lI” = 5 < NQR(F o )3 - 5
dq Q1 (f o Vim 2, .
<§; /L i, BIQE o) vla) (5.14)

For all j € {1,..., N}, we define
Y=l

‘10

By [h| < fig and (5.10), we have ||h¢|| < ¢/2 for all § € Uy, supp(px). By using ysonflgml(he)] =
[R€] we infer that g € L, (V5;) implies ¢ + S™(h€) € Ly, (Vo,j). Therefore, by using

Qr'(f © Yim)¥ Z /dﬂk Y9k (v (q + 55" (h€)))w(q + S™ (he)), (5.15)

we obtain that, for all g € qu(f/(;’j),

Qr'(f ovm)¥(a) = Q' (f © mm)¥i(q)-

Hence, (5.14) becomes

N
m 2 m . 2
QR (F oI ~ 2 < <3 L. o, alQH G oo

By an argument similar to how we found ¢y (finding a contradiction if it would not exist)
now using > [|¥;|3 = [|+||3, we may fix a j € {1,..., N} such that

/ g QR (f o ) (@ = 19513 (||Q (f omm)I? = ) : (5.16)
Lao (Vs.5)
We fix subspaces Uy, ..., Uy C Vo and points y1,...,ya € (7)1 ({z;}) C Vo such

that ys € Us for all s =1,..., M and such that
(a) U, Us = Vo,; and the Uy are disjoint;
(b) Ligmig)(Us N Vs;) C Us for all € € B5(0) C g
(c) Us C Ly, (B™) for all s.
An example of such sets is depicted in Figure 5.3b. Define, for all s,
Vjs =Yl @) = Ylr, W)
By (a), we have

M
d W © Yim j 2: d 71” © Vim j 2.
[ @RGP =32 [ dalQits e m ol

qu (Usﬂv(;’j)
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Notice that, for all £ € Uy supp(uz), we have h& € Bj/5(0). Therefore, by (b), we find that
q € Lgy(Us N Vs ;) implies that g + S™(h€) € Ly, (Us). Hence (5.15) gives

M
m o . 2 _
/L i, IRE T o @ = 3 /L

Therefore, (5.16) gives

4a QR (F o ) ¥a(a)] -

a0 (Usﬁvé,j)

M . 2 o (1 5 2e
[ daleru el 2 e (1000 i =)

5 = ||l4;]2, we may fix an s such

Again arguing by contradiction, and using that Zé\il 1955
that

2 2
L dler el = sl (100 el = 5 ). 67

3

Using the function ;s € L?(G™) we constructed, which is supported in Lg,(Us), we can
subsequently construct a function ¢ € L?(g™), as follows. First define U := Lg,(Us) and
¥ :=qo +ys € U, so that the support of ¢ — 1 ¢(y + ¢) lies in L;l(LqO(US)) =L, Us) C
B™ = [By2,(04)™] by (c) above. Define

G+ X) if X € B™

V) = {0 it X ¢ B™,

which implies [|)[|3 = |\1/st||§ Using (5.17) we get

2 ~ )
(101t 0wl = ) 191 < [ dalQR(s o

in which we can use (5.15) and expand the square of the absolute value of the sum over k.
conf

For brevity, we write g := gr (v (7)) and g{ ¢ := gr(3i" (g + 55 (7€) — gr (v (9))-
We obtain

(\\Q;ﬂ(fowm)u? - %) 1915

<

K
3 /U da [ drw(€) G+ o) rola + S7TCRE))

kk'=1

[ €+ s sata+ 50|

S/dq
o

K .
#3 [ il ©) [ dil @) (2] + suplat ) sup gk | 1

kk'=1 qelU qelU

2

K
> [ dusl©usela+ 5™ 1)
k=1

Because H%h{” < r, because Us C Vp; and because d(x, ;) < r for all 2 € Vj j we can apply
(5.9) to find, for all £ and & € supp(u),

€
sup gl | < s ="
gclr kU 12Q 30 el
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Therefore, and by Lemma 5.3.6,
2¢ ~12
(12res owm>||2 -2 1

<),

A (€) g (Ve (7)) (

K
+ Z lrawlly 4 lglloo lwelly sup  sup lgh el 195,13
k=1 &' esupp () qu
o <12
< sup Z/duk )9k (Vi (D) Lt (e WHz WHQ
qeG™ e
= (Iflle + 3) 19115
By (5.11) we conclude that ||Q}(f (fomm)l* < |fllc + € Since n > was arbitrary, we have
1Q5°(f ow)|1* < || f]l + €, which concludes the proof. |

5.3.2 Rieffel’s condition away from zero

Now that we have continuity of i [[QF°(f o) at k= 0, we are left to prove continuity
at an arbitrary Ay € [—1,1] \ {0}. In the rest of the chapter, we fix such an h;, as well as a
function f € M}, expanded as f = Zszl I @ fig-

The reason that Rieffel’s condition away from zero holds in the infinite dimensional case,
as opposed to the case on a finite lattice (see Lemma 4.6.3 for a counterexample) is that
||Q2‘f(f o 'yl)H is given by a supremum over lattices m > [ as shown in (5.7). Better yet: it is
also given by a supremum over lattices m > I, with I from Definition 5.2.1. If we choose
R large enough, the components of the Slﬁl(ﬁ)’s7 for & € Ugsupp(px), become arbitrarily
small. We take advantage of this fact by the following construction. For every edge e € [,
we choose a single edge ¢/ € I® that lies inside e. The edge ¢’ has a length 1/R times the
length of e, so we have SZRl(f)e/ = %fe. We then define the projection

R
xur : GU = G xur(@)e = g,

and note that it satisfies y; =[S (€)] = [%€].
Similarly to the proof of Proposition 5.3.7, we will define subsets of G, which in volume
approximate the whole of G! but are topologically better behaved than G'.

Definition 5.3.8. For all 6 > 0, define
—{¢eg: e (-1+161 15" forallecl}.

In particular, Uy is the open unit cube around 0. Using Us, we define a subset Vs C G with
volume vol(Vs) = (1 — 6)"l n = dim G, by setting

Vs:={[(] € G': ¢ € Us).
Using these we will define subsets of G™, for a particular class of lattices m > [F.

Lemma 5.3.9. Given a lattice m obtained from I by subdivisions (hence in particular
1 <1 <m) the map pyr,, : G™ — G defined by

. £ ]
O = Xk © Vi : G — G

is smooth, and U gal;ém(U) preserves volume.
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l 1 m l I
AN B AR AR AR AR AR SR AR SR A _
Vs, LV,
LR 20 SN A A SRR AR AR A
IR
TS S S
(a) Subdivision where R = 2 and m = [®. (b) Subdivision where R =1 and m > (£,

Figure 5.4: Choosing subsets Vs (6 > 0) within the configuration space G =2 T2 such that,
when 61 > 99, V51 - V52 The bijection F : V,;1 — V52 expands the subset V51 onto V52 along
the direction of S™ o ¢, as indicated by the arrows. Here m has two edges (of possibly
different length) and [ has one.

Proof. By first considering the elementary steps of adding and subdividing an edge, one finds
that both x;r and ’yc‘)“f are smooth and preserve volume by inverse image. O

For any § > 0, we set

Vs := @y, (V5) C G™

For h € [—1,1] of the same sign as hi1, we define a map F : Vo — G™ by
F) =0+ R (4 -1) 5™ (), (.15)
where ¢ : Vo — g is defined by
pla):=¢eg if pury(q) =[] €G for &€l
Lemma 5.3.10. Let h € [—1,1] be of the same sign as hy and let 61,02 € (0,1) satisfy
M1 —681) = hi(1 — d2). (5.19)
Then F restricts to a diffeomorphism F : ‘751 — ‘752 satisfying for all q € ‘751 :
|det d, F| = (h/hy)"!.
Moreover, when q + tS™ (hi€) € ‘751 for all t € [0,1], we have

F(q+ S™(m¢)) = F(q) + S™(h8). (5.20)
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Proof. By Lemma 5.3.9, ¢ is smooth, which implies that F" is smooth. It follows from (5.18)
that the map Vs, — End(g™), ¢ — d,F is constant, and that

urm(Flz]) = [(R/h1)2],

which by (5.19) implies that F': VJL — 12;2 is bijective. Therefore F' is a diffeomorphism and
|det d,F| is given by vol(Vs,)/vol(Vs,) = vol(Vs,)/vol(Vs,) = (fi/h1)™!I, by use of Definition
5.3.8 and Lemma 5.3.9. The last statement of the lemma is a simple check. O

In Figure 5.4, two key examples show how F' maps the points of ‘761 to ‘752. We now have
all the tools we need to establish the last part of our main result.

Proposition 5.3.11. (Rieffel’s condition away from 0) For each f € A, and each
hi € [—1,1]\ {0}, we have

Jim [QF()I = @]l

Proof. Let f € M} for some [ € L, write f = ZkK:1 gr @ ji for gp € C°(G') and yy, a finite
complex measure supported in B!, and let &y € [~1,1]\ {0}. By [81, Proposition 24] we
already have

QI = |-

lim
h—h1
In order to also prove
Tim QN < [l
—hy
we let € > 0 be arbitrary. By Definition 5.3.8 and Lemma 5.3.9 we can choose ¢ € (0,1)

small enough such that, with @ from (5.8),

vol(G™ \ V) = vol(G! \ V) < ﬁ. (5.21)

Choose a natural number R € N, big enough such that
& | <o (5.22)
R ’ ’

where |I| denotes the number of edges in I. For all & € U, supp(uz), we have fi1¢é € B!, which
is an open set. We choose a number ¢ > 0 such that for all & € [—1,1] with |h — | < ¢ it
holds that

h
1— h—(l —4§) € (0,1); hE € B for all € € Uy supp(pz);
1

- (1-5) €00 sen) = s
hy 2
h ) h €

1- 2 (1-2%) e0,1); Vil B|— = 1| V]I € . 5.23
i (15) S0 Wl RlE VIS et 6

Let fi € [—1,1] be arbitrary such that |i — 71| < ¢. By (5.7) and (5.11), it suffices to prove

QR (f o )l < || @R (f © m) || + €,
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for all lattices m > I® obtained from I¥ purely by subdivision of edges. We let m be such a
lattice in the following. We choose a 1 € H™ such that |||, = 1 and

1QR (o) = 5 < QRS © 35

By a proof by contradiction (as we gave several times in the proof of Proposition 5.3.7) using
(5.21) we obtain a point ¢y € G™ such that

€
[ Qoo < 5.
LQ()(Gm\VS)

Therefore

QR (ol =5 < [ dalQp(s ol (5.24)

a0 (Vs

Using (5.23), define Fy, : qu(f/(;/4) — G™ by Fy(q) == F(q — qo) + qo, so that when
q+tS™ (&) € Lgy (V) for all ¢ € [0, 1], (5.20) gives

Fyolq + 8™ (h1€)) = Fyy(q) + S™ (). (5.25)

As Vs C ‘7,;/4, we may in particular define ¢ € H™ = L*(G™) by

o) oo [VORIT(E @) i g€ Lo ()
o if g € G™\ Ly (V).

From Lemma 5.3.10 and the first assumption of (5.23) we obtain that [[¢[|3 < [|¢]|3 = 1.
We have 7i1¢é € B, so ||h&]| < /]I]/2 for all € € Upsupp(uy). By (5.22), and because
@llRm[Sml(X)] = [TIQX]’ we have

|etsm me)| < o/2. (5.26)

Therefore ¢ + S™ (7€) € Vs implies ¢ € Vs /2. Translating this implication with Lg,, we
obtain,

Jentr o] = [ aa|S [ ai@mtaiziia + b memita+ sy
= /qu(vé/z)dQ‘Z/dﬂk(f) Gl ab(g + 8™ (hi€)) ’ (5.27)

when we define, for all ¢ € Ly, (Vs /2);

i = g + 55 (m€))):
. 1= 000 (0 + 5™ () = 941" (a + 5™ (1 €))).

We choose 04 such that F : ‘7(5/2 — ‘754 is a bijection by Lemma 5.3.10, i.e., we define
8y :=1—h/h(1—0/2). By (5.23), we have &4 € (0,6), and therefore V5 C Vs,. When we
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apply a change of variables ¢ — Fy,(q) to (5.24) we obtain, by Lemma 5.3.10 and (5.25),

QR (7 oum) P~ 5
2
S dg ’Z/duk(ﬁ gk (Vi (g + 35™ (h€))) (g + S™ ()

qo (Ve4

- (i) h /Lqm/z) o) 3 [ )6t + 3 0 (Fata) + 57 0) 2

/L’QO(%/2>

The only difference between (5.27) and (5.28) is now the appearance of g‘,’;ﬁf in the latter
expression. For all g € Ly, (Vi2), € € Ugsupp(suy), and t € [0, 1], we have g + 557 () €
Ly (Vs/4) by (5.26). By Lemma 5.3.10 and (5.23), we obtain

2
da S [ dn© 3t + ool + 5™ (1)) (5.25)

192l < 199kl c d (3521 (Fop (g + 35™ (m€))), 2500 (a + 557 (1)) )
h
< 19l [ (1 ~1) st a0 + 35|

oo |V €
I [ L 2 12sz ||Nk'||1

for all ¢, k, and £. Expanding the square of the absolute value in (5.28), and using (5.27),

HQE (f © 71m)||

< / ~
qo(VJ/z)

Y [ i€ (25013 + supiat ) [ disel(€) sup it o

kk'=1

2¢
3
K

|3 / Ay (€)' g Da + ™ (11€))

2

ol

K
~112
< HQZi(f o ’Ylm)q/)HZ +4Q ) " [l Supsup |5 |
k=1 a
m 2, €
< QR (f o vm)||” + 3

Therefore |Q}(f o Yim)|I* < HQ;Z (fo Wm)HQ + ¢ for all lattices m > I > [, which is what
we needed to prove. O

We conclude that Q3° : A§° — Ap° is a strict deformation quantization:

Proof of Theorem 5.3.1. Combine Propositions 5.2.9, 5.3.2, 5.3.3, 5.3.4, 5.3.5, 5.3.7, and
5.3.11. 0
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Research Data Management

This thesis research has been carried out under the institute research data management
policy of IMAPP, Radboud University.

As required by this policy, here follows the set of persistent identifiers for all datasets used
in this thesis, alongside the corresponding chapters in which they appear:

This set is empty, for no data was used. Everything needed for peers to reproduce the
results in this thesis are the accompanying proofs, and a bit of stamina.

Although certainly grateful for the existence of ), the author wishes to apologize for writing
down a triviality.
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In dit proefschrift heb ik stellingen bewezen met behulp van wiskundige objecten genaamd
C*-algebras. Zoals vaak in de wiskunde weten we na het bewijzen van deze stellingen nog
niet direct waar ze allemaal toe zullen leiden. Wel heb ik dankzij mijn proefschriftonderzoek
een heel concrete vraag beter leren begrijpen, namelijk de vraag: Wat is licht?

Licht is elke dag om ons heen, en is voor heel veel mensen belangrijk, zonder dat ze precies
kunnen vertellen waar het uit bestaat. Sommigen zullen je vertellen dat licht een deeltje
is (klinkt heel logisch als je wel eens over de lichtdeeltjes genaamd fotonen hebt gehoord)
terwijl sommigen zullen zeggen dat het een golf is (wat weer klopt met het feit dat licht
een golflengte heeft, die bepaalt of het UV-licht, infrarood licht, of zichtbaar licht is, en van
welke kleur dan wel).

Deel 1

Licht is als een strandganger die na wat overgooien zijn strandbal de zee in ziet waaien. De
strandganger wil de dobberende bal zo snel mogelijk pakken, maar twijfelt: zal ik recht op
de bal af rennen en in dezelfde richting het laatste stuk zwemmen? Of ren ik eerst naar de
plek in de branding waar de bal het dichtstbij is en zwem ik dan loodrecht op de waterlijn
naar de bal toe? In het eerste geval is de totale afstand het kleinst, maar in het tweede geval
is de te zwemmen afstand het kleinst, en voor de strandganger duurt zwemmen nou eenmaal
langer dan rennen.

Na een rekensom komt de strandganger met de oplossing: de snelste route ligt tussen
de twee net genoemde routes in: ren eerst naar een specifiecke plek op de branding die
athangt van de rensnelheid en zwemsnelheid, en verander dan een beetje van richting: het
pad ‘breekt’. Deze situatie is analoog aan de breking van licht wanneer het overgaat van
lucht naar water, of van brillenglas naar lucht, naar je oog.

De route die licht aflegt is altijd gebaseerd op het lokaal optimaliseren van een bepaalde
optelsom van factoren, samengevat in een zogenaamde actiefunctionaal. In veel gevallen staat
het optimaliseren van deze actiefunctionaal gelijk aan het minimaliseren van de reistijd van
punt A naar punt B, en dat is waarom het terughalen van de strandbal een goede analogie
is voor breking van het licht: in water is licht bijvoorbeeld langzamer dan in lucht, net als
de strandganger.

Actiefunctionalen zijn belangrijk in de natuurkunde omdat de optimalisatie hiervan niet
alleen licht maar alle deeltjes en krachten kan beschrijven, als je maar de goede actiefunction-
aal kiest. Afhankelijk van de ingewikkeldheid van de actiefunctionaal kan het wiskundig heel
moeilijk zijn om te bepalen wat ermee gebeurt als je de invoer (zoals het pad naar de strand-
bal) varieert. Ik bewijs in mijn proefschrift stellingen over het variéren van een uitdagende
klasse van actiefunctionalen. Daarbij combineer ik verschillende wiskundige vakgebieden
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zoals Niet-commutatieve Meetkunde, Multiple Operator Integration en Cyclic Cohomology.
Uiteindelijk blijkt dat een actiefunctionaal genaamd de spectrale actie (ook wel de spectrale
actiefunctionaal genoemd) zich heel intrigerend gedraagt als je hem varieert. De spectrale
actie is een actiefunctionaal die enkel en alleen van ‘spectrale’ informatie athangt, zoals de
golflengte van licht. Het kan alle vier de fundamentele krachten perfect beschrijven, zolang
we kwantummechanica even buiten beschouwing laten.

Ik bewijs in dit proefschrift dat de gevarieerde spectrale actie te schrijven is als de ori-
ginele spectrale actie plus een oneindigheid van termen die alsmaar en alsmaar ingewikkelder
worden. Maar gelukkig blijkt er structuur in te herkennen, en kun je een uitdrukking geven
voor term nummer k, die op een simpele manier afhangt van k; in het bijzonder maakt het
uit of k£ even is of oneven. Sterker nog, die even en oneven termen hebben dezelfde vorm als
beroemde actiefunctionalen die in de natuurkunde gebruikt worden, en waar (in het oneven
geval iets rigoreuzer dan in het even geval) kwantumversies van bestaan.

Een van de theorieén die volledig beschreven kan worden door de spectrale actie is elektro-
magnetisme. Inderdaad, de theorie van elektriciteit en magnetisme. Maar deze theorie geeft
ook een verklaring voor licht, namelijk als een golf in het elektromagnetische veld.

In deze zin hebben we in het eerste deel van dit proefschrift in het bijzonder het ver-
schijnsel licht een beetje beter begrepen. Daarnaast hebben we een glimp opgevangen van
kwantummechanica.

Deel I1

In Deel IT van dit proefschrift onderzoek ik een manier waarop elektromagnetisme ooit mis-
schien verenigd zou kunnen worden met kwantummechanica, namelijk door eerst elektro-
magnetisme te benaderen met behulp van een rooster.

Eerst tekenen we een vierkant rooster over een deel van de ruimte waarop we een elektro-
magnetisch veld willen bekijken. Om het elektromagnetische veld te begrijpen is het handig
om te kijken wat voor effect het heeft op elektronen die zich in dat veld bewegen. Het blijkt
heel lastig om een kwantumversie van het systeem bestaande uit elektronen en een elektro-
magnetisch veld wiskundig precies te maken. Daarom bekijken we eerst wat er gebeurt als
we elektronen niet overal, maar alleen langs de lijntjes van het rooster laten bewegen.

Een elektron gedraagt zich dan als een mier die zich beweegt door een netwerk van
parallele tunnels. Omdat een mier (bij benadering) geen zwaartekracht voelt weet hij op
elk gegeven moment niet of hij zich boven, onder, of ergens aan de zijkanten van de tunnel
bevindt. Oftewel, de mier heeft geen idee van zijn oriéntatie. Om de anologie met het
elektromagnetisch veld te kunnen maken hebben de tunnels ‘loopgroeven’, parallele maar
mogelijk gekromde lijnen langs de rand van de tunnel die bepalen hoe de oriéntatie van een
mier verandert als hij van de ene naar de andere kant van de tunnel loopt. Als de mier
terugloopt, loopt hij langs dezelfde loopgroef weer terug. Omdat een mier even makkelijk
langs muren en over het plafond loopt heeft de mier niet door dat hij van oriéntatie verandert.

Er is slechts één manier waarop de mier, met behulp van een bevriende mier, erachter
kan komen dat het tunnelstelsel iberhaupt bestaat, dat wil zeggen, dat er meer is dan alleen
zijn eigen loopgroef. Als de twee mieren op dezelfde plek in het tunnelstelsel en in dezelfde
loopgroef starten en vervolgens langs verschillende routes door het tunnelstelsel lopen kan
het gebeuren dat de ene mier boven en de andere mier onder uitkomt. De mieren ruiken
dat ze op dezelfde plek zijn, behalve dat ze onderling van oriéntatie verschillen. Pas als ze
langs de weg teruglopen waarlangs ze gekomen zijn komen ze elkaar weer tegen met dezelfde
oriéntatie.

Dit is ook wat er gebeurt met elektronen in een elektromagnetisch veld. De oriéntatie
in de buis wordt in dit geval de elektromagnetische fase van het elektron genoemd. Het
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elektromagnetische veld bepaald hoe de fase van het elektron verandert als het van punt
naar punt beweegt. De absolute fase van een elektron kunnen we niet meten. De reden dat
we toch het elektromagnetische veld kunnen meten is omdat we elektronen langs verschillende
paden sturen, en we vervolgens kunnen opmerken dat ze relatief van fase verschillen.

Het blijkt dat de loopgroeven in de tunnels waardoor de mieren lopen niet stilstaan, maar
kunnen draaien. Ze kunnen zich soms helemaal opdraaien, om vervolgens weer te ontdraaien,
als een verticaal touw waaraan een object hangt dat heen en weer kan draaien. De tunnels
draaien niet alleen, maar volgen hun buren. Als een tunnel ziet dat zijn buur-tunnel heel erg
een kant op gedraait is zal hij zelf ook die kant op willen draaien. Hierdoor kan het gebeuren
dat er een golf door het tunnelstelsel gaat van telkens opdraaiende en ontdraaiende tunnels.
Zo'n golf is een klassicke beschrijving van licht.

In mijn proefschrift heb ik een nieuwe wiskundig nette manier gevonden om deze benader-
ing van elektromagnetisme te beschrijven. Daarnaast heb ik gekeken naar de limiet waarin je
het rooster (oftwel, het tunnelstelsel) steeds groter laat worden, maar ook steeds verfijnder.
Hierdoor kom je dus steeds dichter bij een volledige beschrijving van elektromagnetisme.

Klassiek gezien kunnen we licht dus zien als een golf, maar het punt van deze beschrijv-
ing was om het makkelijker te maken om naar een kwantumbeschrijving toe te gaan. Dit
blijkt ook heel goed te werken. Omdat de beweging van een stuk buis an sich een redelijk
simpel kwantummechanisch analogon heeft, kunnen we elektromagnetisme op een rooster
ook kwantummmechanisch beschrijven. In de limiet waarin we het rooster steeds groter en
fijner maken moet nog wel wat gedaan worden.

Op deze manier geeft dit proefschrift een nieuwe methode om een kwantumversie van
elektromagnetisme te benaderen, die in bepaalde opzichten beter werkt dan voorgaande
methoden. Of er een volledig waterdichte kwantumversie van elektromagnetisme bestaat
blijft een open onderzoeksvraag, en ik vermoed dat deze vraag ons nog heel veel fascinerende
wiskunde zal brengen.
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