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The spectral action: Tr(f(D)) (bosonic part)
® Expand Tr(f(R)) in A
Tr(f(R)) ~ Lken+ fi\ fIDI* + £(0)Cp(0) + o(1)

Physical effective actions can be obtained from this
expansion, including and going beyond the

Standard Model. 2223?2‘&';’2?&'”
One uses usual RG flow to obtain physics at lower Particle Physics

energy scales (lower A). This gives up a little bit of
the elegance of the spectral action, admittedly.

4) springer

Teun van Nuland 10th December 2021 Cyclic cocycles in the SA



Radboud University Nijmegen %

The spectral action: Tr(f(D)) (bosonic part)
® Expand Tr(f(R)) in A
Tr(F(R)) ~ Lken+ fi\* fIDI7% + £(0)Cp(0) + o(1)

Physical effective actions can be obtained from this
expansion, including and going beyond the

Standard Model. gggrcrfgrr;:?dtwe
One uses usual RG flow to obtain physics at lower Particle Physics

energy scales (lower A). This gives up a little bit of
the elegance of the spectral action, admittedly.

4) springer

Connesthamseddine 2006:
(p+A(0) — ¢p(0 4f (dA + A?)2 — fw(AdA+ §A3)

Teun van Nuland 10th December 2021 Cyclic cocycles in the SA



Radboud University Nijmegen %

The spectral action: Tr(f(D)) (bosonic part)
o Expand Tr(f(R)) in A
Tr(F(R)) ~ Lken+ fi\* fIDI7% + £(0)Cp(0) + o(1)

Physical effective actions can be obtained from this
expansion, including and going beyond the

Standard Model. gggrcrfgrr;:?dtwe
One uses usual RG flow to obtain physics at lower Particle Physics

energy scales (lower A). This gives up a little bit of
the elegance of the spectral action, admittedly.

4) springer

Connesthamseddine 2006:
(p+A(0) — ¢p(0 4f (dA + A?)2 — fw(AdA+ §A3)

® Expand Tr(f(D + A))in A
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The spectral action: Tr(f(D)) (bosonic part)
o Expand Tr(f(R)) in A
Tr(F(R)) ~ Lken+ fi\* fIDI7% + £(0)Cp(0) + o(1)

Physical effective actions can be obtained from this
expansion, including and going beyond the

Standard Model. gggrcrfgrr;:?dtwe
One uses usual RG flow to obtain physics at lower Particle Physics

energy scales (lower A). This gives up a little bit of
the elegance of the spectral action, admittedly.

4) springer

Connesthamseddine 2006:
(p+A(0) — ¢p(0 4f (dA + A?)2 — fw(AdA+ §A3)

® Expand Tr(f(D + A))in A
E.g. Taylor: Tr(f(D + A)) ~ 3202 & Tr(S=f(D + tA)],_,)

n=0 nl

Teun van Nuland 10th December 2021 Cyclic cocycles in the SA



Radboud University Nijmegen

Contents

Expansion of the Spectral Action

One-loop corrections

n van Nuland 10th Dec b lic cocycles in the SA



Oparnvion of the Spectral flction

in the SA



Expansion of the ectral Action

Radboud University Nijmegen

We let (A, H, D) be an s-summable spectral triple. Ie.,

Tr (|(D = 1)~%]) < oc.
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We let (A, H, D) be an s-summable spectral triple. Ie.,
Tr (|(D = 1)~%]) < oc.
Our goal is to expand
Tr(f(D + V)),

for V =3 a;[D, bj] € Q}(A)s.a. and obtain forms that depend
on the universal 1-form A =Y a;db; € Q(A).
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We let (A, H, D) be an s-summable spectral triple. Ie.,
Tr (|(D = 1)~%]) < oc.
Our goal is to expand
Tr(f(D + V)),

for V =3 a;[D, bj] € Q}(A)s.a. and obtain forms that depend
on the universal 1-form A =Y a;db; € Q'(A). Here Q"(A) is

the algebra of universal n-forms over A. Le., Q°(A) = A, and
d: Q"(A) — Q"T1(A) satisfies d?> = 0 and the Leibniz rule.

A representation of Q(A) is given by

Qb(A) = {Y alD.b]: a.b € A} C BH).
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Expansion of the Spectral Action
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An important universal form is the field strength or curvature

F € Q2(A) of A€ Q(A) given by

F:= A% + dA.
Example: If A = adb, then F = adbadb + dadb for a, b € A.
Another important universal form is the Chern—Simons form

1
csokp1(A) == / A(2A? + tdA) dt .
0

Example: cs1(A) = A, cs3(A) = A% + JAdA, etc.
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For suitable f : R — C, we have the Taylor expansion

Te(F(D+ V) - f(D)=>_ %% Tr(F(D + tV))],_,

n=1
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For suitable f : R — C, we have the Taylor expansion

=1 4d"
Te(F(D+ V) - f(D)=>_ — o (D + tV))],_,
n=1
We have that [Walter, JFA, 2010]
4 Tr(f(D+tV))|,_, = o §1§ f'(2)Te(V(z—D) L. V(z—= D))
dt” t=0 " 2mj J, '
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For suitable f : R — C, we have the Taylor expansion
1d"
2 i Tr(f(D+tV))],_,

We have that [Walter, JFA, 2010]

d" n!
— Tr(f(D + tV = ! D) l... — D) ).
i T+ )] = 5§ ATV D) V= D) Y
Defining
1
Vi, V) = 75 £(2) Tr(Va(z — D)1+ -- Vy(z — D)),
27i J,
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For suitable f : R — C, we have the Taylor expansion
1 4d"
Te(F(D+ V) - f(D)=>_ — o (D + tV))],_,
n=1

We have that [Walter, JFA, 2010]

%Tr(f(D +tV)|,_, = 2”7" 5’5 ) TH(V(z - DY - V(z— D)),

Defining

(Vi,..., V) == 2:”_ 75 f'(z) Tr(Vi(z — D)™ t--- V,(z = D)7Y),

we get Tr(f(D + V) — f(D)) =300, 2(V,..., V).
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Expansion of the Spectral Action
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For suitable f : R — C, we have the Taylor expansion

1
nl

Tr(f(D+ V) - f(D)) = Z %Tr(f(D+ VDleo

We have that [Walter, JFA, 2010]

%Tr(f(D +tV))|,_y = 2”7" yg ) TH(V(z— D)t V(z— D)),
Defining
%ﬁé (Vareos Vi) = 5 b £(2) Te(Va(z = D)+ Vit = D) ),

Va

we get Tr(f(D + V) — f(D)) = 322, L(v,..., V).

n=1 n
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Can we identify universal forms in

Tr(f(D+ V) — (D)) =32, X(Vv,...,V)?

n=1n
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Can we identify universal forms in

Tr(f(D + V) — (D)) =300, 2V, ..., V)? We define

n=1n

/ apday - - - da, = qb,,(ao, co,a)

n

= (a°[D, a'],[D, a°],...,[D,a").

B¢, =0 and b¢, = 0 for even n. Hence, (¢2, ¢4, ...) forms a
cyclic cocycle.
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Can we identify universal forms in

Tr(f(D + V) — (D)) =300, 2V, ..., V)? We define

n=1n

/ apday - - - da, = qb,,(ao, co,a)

n

= (a°[D, a'],[D, a°],...,[D,a").

B¢, =0 and b¢, = 0 for even n. Hence, (¢2, ¢4, ...) forms a
cyclic cocycle.

For odd n, we get bop, = ¢ppi1. Define
Yn = Cn((bn - %Bo¢n+1)-

1k
Taking coxy1 = %, also (41,13, ...) forms a cyclic cocycle,

i.e., a (b, B)-cocycle.
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The only properties of (.,...,.) that we need are
O (Vi,....V,)=(V,,Vq,...,Vp_1).
(2] <3V17"'7Vn> - <V1,...,Vn3> = <V17"'7Vna[Dva]>a

From this, one obtains B¢okio = booy = 0 and
bpak—1 + Bipagy1 = 0.
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Using just the rule

Vi, ViaVigs oo Vi) — (Voo Via, Vi, Vi)
:<Vla"'7\/jv[D7a]a\/j+1’"'aVn>:
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Using just the rule

Vi, ViaVigs oo Vi) — (Voo Via, Vi, Vi)
:<Vla"'7\/jv[D7a]a\/j+1’"'aVn>:

we obtain, when V = a[D, b] and A = adb,

(alD, b])1 = / K
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Expansion of the Spectral Action
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Using just the rule

Vi, ViaVigs oo Vi) — (Voo Via, Vi, Vi)
:<Vla"'7\/jv[D7a]a\/j+1’"'aVn>:

we obtain, when V = a[D, b] and A = adb,
G0, by = [ A
1
(a[D, b, 3D, b])> — / pe +/ AdA
2 @3
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Using just the rule

(V... ViyaVige, .., Vo) — (Va, ..., Via, Vi, .., Vi)
= (V4,...,V},[D, 4, Vig1, ..., V),

we obtain, when V = a[D, b] and A = adb,
(a[D, b]>1_/ A
D, b], a[D, b]) A AdA
oo £+
(alD, b], a[D, b], a[D, b])3 = / A3+/

AdAA+/ AdAdA
@3 on

etcetera.
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Define the function class
E(R) := {f € C | Ic¥mes¥nzo  (Fum)™] < C™1i},

where u(x) = x —i.

Theorem (vN—van Suijlekom)

Let (A, H, D) be an s-summable spectral triple and f € E(R).
Then there exist entire cyclic cocycles (¢2, @a, . ..) and
(11,3, ...) such that for all V = mp(A) € QB(A)S.&:

o0

Tr(f(D + tV) — (D)) = Z (Ck/w csok—1(A) + 21,(/(1) Fk) ’

k=1

where ¢, 1= % This series converges absolutely.
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One-loop corrections

We introduce the notation

%3 V3

Va

This represents a noncommutative vertex, and the sum of which
represents a classical action (the spectral action). This makes
sense, because the above brackets are analogues of functional
derivatives. We would like to quantum-correct this classical
action, but without giving up on the paradigm of spectral
triples.

un van Nuland 10th Decembe p clic cocycles in the SA



One-loop corrections Radboud University Nijmegen

We wish to incorporate more Feynman diagrams, like

= O~

and (with clockwise NC vertices)
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One-loop corrections

By employing random matrix theory:

.”'\P j . )
~ R .(;EWQ Qw...,..‘:c_,] *§<Q,Q>d
..V”\s} f V-n'+1 LN ,";} <“s\ e Q

We let

(Va,..., V)3t
be the sum of all relevant one-loop one-particle-irreducible
n-point functions, whose external edges can naturally be labeled

cyclically. one-loop quantum effective spectral action is defined
to be the formal series

oo 1 .
S v v
n=1
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One-loop corrections

The one-loop quantum effective spectral action surprisingly
takes the exact same form as the spectral action.

Theorem (vN-van Suijlekom)

There exist cyclic cocycles (¥, v, ...) and (¢, ¢Y,...) such
that for all V = 7p(A) € Qb(A)s.a.

SV VI~ Y <k/¢ (W) + 5 [ F").

N
n=1 k=1 2k—1 2k

We thus obtain ‘corrective’ cyclic cocycles, indicating a
renormalization flow taking place.

Although this is the end of this presentation, I hope it is just
the start of a fruitful program. Walter, congratulations with
your full professorship, and I look forward to our future
collaborations!
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